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Abstrat
We give a biategorial version of the main result of A. Masuoka (Corings and
invertible bimodules, Tsukuba J. Math. 13 (1989), 353362) whih proposes a non-
ommutative version of the fat that for a faithfully at extension of ommutative
rings R ⊆ S, the relative Piard group Pic(S/R) is isomorphi to the Amitsur 1
ohomology group H1(S/R,U) with oeients in the units funtor U .
Introdution
In [17℄, A. Masuoka proposed a non-ommutative version of the fat that for a faithfully at
extension of ommutative rings R ⊆ S, the relative Piard group Pic(S/R) is isomorphi
to the Amitsur 1ohomology group H1(S/R, U) with oeients in the units funtor U .
In the lassial faithfully at desent setting, eah element of Pic(S/R) is represented by
an Rsubbimodule J of S suh that S ⊗R J ∼= S, while the elements of H
1(S/R, U) may
be interpreted as the grouplike elements of the anonial Sweedler's oring S ⊗R S or,
equivalently, as the endomorphisms of S ⊗R S as an Soring. For a general extension
of rings R ⊆ S (unital, but possibly nonommutative), Masuoka's theorem asserts that,
under suitable onditions (e.g., SR faithfully at), there exists an isomorphism of monoids
Γ : IlR(S) → EndS−cor(S ⊗R S), where the rst one is the monoid of all Rsubbimodules
J of S suh that S ⊗R J ∼= S, and the seond one onsists of all endomorphisms of the
∗
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oring S⊗R S. A more general version was given in [7℄, where the ring extension R ⊆ S is
replaed by an R− Sbimodule M suh that MS is nitely generated and projetive, and
the role of the Sweedler anonial oring is now played by the omatrix oring assoiated
to M . In this setting it has been proved in [19℄ that Masuoka's theorem is valid under the
ondition of omonadiity of the funtor −⊗RM from right Rmodules to right Smodules.
These generalizations, speially the seond one, required of arguments of ategorial nature.
Thus, we wonder to what extent a purely ategorial version of Masuoka's theorem was
possible. This paper ollets the results of our researh on this idea.
In fat, what we prove is a biategorial version of Masuoka's theorem, whih is rather
natural, sine both the original result, and the aforementioned generalizations, an be for-
mulated in the biategory of bimodules. Of ourse, passing from this partiular biategory
to a general one requires to overome many tehnial diulties, as well as new viewpoints
on the objets involved. In order to make aessible our arguments to readers oming from
dierent elds, we inlude rather detailed proofs.
Our generalization of Masuoka's theorem works over an arbitrary biategory. Thus, it
an be potentially applied to many partiular situations of interest. We have hosen to
illustrate how the general theory works by applying it to two situations lose to the ase
of bimodules over unital rings, namely, the biategory of bimodules over linear ategories
of funtors and the biategory of rm bimodules.
The paper is organized as follows. In Setion 1 we onsider the omonad generated by a
general pair of adjoint funtors and we study the relationship between the possible oalge-
bra strutures over a given objet and some subobjets of its image under the right adjoint
funtor. When the left adjoint funtor is omonadi, the aforementioned relationship takes
the form of a bijetion, whih turns out to be fundamental for our purposes (Proposition
1.9).
Setion 2 is the ore of the paper. After realling some basi notions related to bi-
ategories and monoidal ategories, whih serves as well to x our notations, we proeed
to dene the monoid (semigroup with unit) I
l
V(S) assoiated to a monoid S in a monoidal
ategory V (Proposition 2.5). When V is the monoidal ategory of bimodules over a ring R,
the monoid S is given by a homomorphism of rings R→ S, and, in the faithfully at ase,
I
l
V(S) turns out to be isomorphi to the monoid I
l
R(S) onsidered by Masuoka (see Setion
4). We make then expliit in Proposition 2.8 that the study of I
l
V(S) an be already done in
the strit ase. Equipped with these tools, we proeed to the onstrution of our general-
ization of Masuoka's theorem in the framework of an arbitrary biategory B. We onsider
an adjuntion f ⊣ f ∗ : B → A in B, the monad (or Aring) SBf , and the omonad (or
Boring) CBf built from the adjuntion (this is the general form of a omatrix oring), and
we prove (Theorem 2.17) that if the funtor B(A, f) : B(A,A) → B(A,B) is omonadi,
then it is possible to dene an isomorphism of monoids Γf : I
l
B(A,A)(S
B
f ) → EndB(C
B
f ,C
B
f ),
where the latter stands for the monoid of endomorphisms of the Boring CBf . Our strategy
to obtain this isomorphism is to prove it rst in the ase of 2ategories and then dedue
the general ase. Full details on this nontrivial proess are provided.
In Setion 3 we investigate suient onditions on the 1ell f that imply the omonadi-
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ity of the funtor B(C, f), and thus the existene of the isomorphism of monoids Γf . The
nature of these onditions is atness and purity (Proposition 3.2) or separability (Propo-
sition 3.7).
In Setion 4 we apply our general results to biategories of generalized bimodules. First,
we onsider the framework of Klinear funtor ategories, where K is a ommutative ring.
These ategories are of interest in Representation Theory of Algebras. We onstrut a
biategory Bim of bimodules whose 0ells are small Klinear ategories. In this setting,
we obtain generalizations of the Masuoka Theorem whih boil down, in the ase of 0
ells of one objet (rings) to the results in [7℄ and [19℄. In partiular, we prove that, in the
preomonadi ase, the elements of I
l
Bim(A,A)(Sf) an be represented by Asubbimodules of
Sf , aording to what happens to the ase of usual rings and bimodules in [7℄. The seond
biategory to whih our general results are applied is Firm, whose 0ells and 1ells are,
respetively, rm rings and rm bimodules over them. Firm rings and modules where
onsidered by D. Quillen in [22℄ in onnetion with the exision problem in homology. We
prove that Firm is a bilosed biategory, whih allow the haraterization of those 1ells
that have a right adjoint. We get then a version of Masuoka's theorem for rm bimodules
whih admit right adjoint in Firm.
1 Subobjets and oalgebra strutures
Let A be a ategory and let a0 ∈ A. We write SubA(a0) for the lass of all monomorphisms
with odomain a0. Reall that monomorphisms ia : a→ a0 in A are pre-ordered by setting
ia ≤ ia′ if ia = ia′k for some k : a→ a
′
; two suh monomorphisms are equivalent if ia ≤ ia′
and ia′ ≤ ia (i.e., if there exists an isomorphism f : a → a
′
with ia = ia′f), and the
equivalene lasses are alled subobjets of a0. If ia : a → a0 is a monomorphism in A,
we write [ia] for the orresponding subobjet of a0. We will say that an objet x of A is a
subobjet of a0 if there is a monomorphism x→ a0. We let SubA(a0) denote the lass of
subobjets of a0.
If η, ǫ : F ⊣ U : B → A is an adjuntion with adjuntion isomorphism
αx,y : A(x, U(y))→ B(F (x), y)
and if b0 ∈ B, write SubA,F (U(b0)) for the sublass of SubA(U(b0)) whose elements are
those subobjets [ia : a→ U(b0)] for whih the morphism
ξFia = αa, b0(ia) = εb0 · F (ia) : F (a)→ b0
is an isomorphism. Note that SubA, F (U(b0)) is well- dened: if [ia] = [ia′ ] in SubA(U(b0)),
then there exists an isomorphism f : a→ a′ suh that ia · f = ia′ , and one has
ξFia′ = αa′, b0(ia′) = εb0 · F (ia′) = εb0 · F (ia) · F (f) = αa,b0(ia) · F (f) = ξ
F
ia
· F (f),
and hene ξFia′ = αa′, b0(ia′) is an isomorphism too. We will generally drop the A (resp. F )
from the notation SubA, F (U(b0)) (resp. ξ
F
ia
) when there is no danger of onfusion.
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We now x an adjuntion η, ǫ : F ⊣ U : B → A with adjuntion isomorphism
αx, y : A(x, U(y))→ B(F (x), y)
and an objet b0 ∈ B.
Lemma 1.1. Suppose that F is onservative (=isomorphism reeting). If [ia] and [ia′ ]
are elements of SubA, F (U(b0)) suh that ia ≤ ia′ in SubA(U(b0)), then [ia] = [ia′ ].
Proof. Sine ia ≤ ia′ in SubA(U(b0)), there exists a morphism f : a → a
′
suh that
ia = ia′ · f , and then we have
ξFia′ ·F (f) = αa′, b0 ·(ia′)·F (f) = εb0 ·F (ia′)·F (f) = εb0 ·F (ia′f) = εb0 ·U(ia) = αa, b0(ia) = ξ
F
ia
.
It follows that F (f) is an isomorphism and thus f is also an isomorphism sine F is assumed
to be onservative. Thus [ia] = [ia′ ].
In order to proeed, we need the following
Lemma 1.2. A morphism f : F (a)→ F (a′) is an isomorphism if and only if the morphism
U(f) : UF (a)→ UF (a′) is so.
Proof. One diretion is lear, so suppose that U(f) : UF (a)→ UF (a′) is an isomorphism.
In the following diagram
FUFUF (a)
FUFU(f)

FUεF (a) //
εFUF (a)
// FUF (a)
FU(f)

εF (a) // F (a)
f

FUFUF (a′)
FUεF (a′) //
εFUF (a′)
// FUF (a′) εF (a′)
// F (a′),
whih is ommutative by naturality of ε, eah row is a (split) oequalizer (see [16℄), implying
-sine FUFU(f) and FU(f) are isomorphisms- that f is an isomorphism.
Let us write T for the monad on A generated by the adjuntion F ⊣ U : B → A,
ηT, εT : FT ⊣ UT : AT → A for the orresponding free-forgetful adjuntion and onsider an
arbitrary objet a0 of A. Sine UF = U
TFT, learly SubA(UF (a0)) = SubA(U
TFT(a0)).
Proposition 1.3. For any [(a, ia)] ∈ SubA(UF (a0)), [(a, ia)] ∈ SubA, F (UF (a0)) if and
only if [(a, ia)] ∈ SubA, FT(U
T(a0)).
Proof. Writing KT : B → AT for the omparison funtor, one sees -sine KTF = FT and
εTKT = KTε (see, [16℄)- that the morphism
ξF
T
ia
: FT(a)
FT(ia) // FTUTFT(a0)
εT
FT(a0) // FT(a0) ,
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an be rewritten as the omposite
KTF (a)
KTF (ia) // KTFUF (a0)
KTεF (a0) // KTF (a0) .
It is now easy to see that
UT(ξF
T
ia
) = UεF (a0) · UF (ia) = U(εF (a0) · F (ia)) = U(ξ
F
ia
).
Applying now Lemma 1.2 we get that ξFia is an isomorphism if and only if U
T(ξF
T
ia
) (and
hene ξF
T
ia
, sine UT preserves and reets isomorphisms) is so.
As an easy onsequene, we have
Proposition 1.4. In the situation of Proposition 1.3,
SubA, F (UF (a0)) = SubA, FT(U
TFT(a0)).
Given an arbitrary monad T = (T, η, µ) on A and an objet a0 ∈ A, we write
SubA,T(T (a0)) for the sublass of SubA(T (a0)) whose elements are those subobjets
[(a, ia)] for whih the omposite
ξTia : T (a)
T (ia) // T 2(a0)
µa0 // T (a0)
is an isomorphism.
Proposition 1.5. (i) Let T be a monad on a ategory A. If f : a0 → a
′
0 is an isomor-
phism in A, then the assignment
(ia : a→ a0) −→ (fia : a→ a
′
0)
yields a bijetion
SubA,T(T (a0)) ≃ SubA,T(T (a
′
0)).
(ii) Let T and T
′
be monads on a ategory A. If τ : T → T′ is an isomorphism of
monads, then for any a0 ∈ A, the assignment
[(a, ia : a→ T (a0))] −→ [(a, τa0 · ia : a→ T
′(a0))]
yields a bijetion
SubA,T(T (a0)) ≃ SubA,T′(T
′(a0)).
Proposition 1.6. For any monad T = (T, η, µ) on A and an objet a0 ∈ A,
SubA,T(T (a0)) = SubA, FT(U
T(a0)),
where FT : A → AT is the free T-algebra funtor.
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Proof. Sine the forgetful funtor UT : AT → A preserves and reets isomorphisms, the
morphism ξF
T
ia
is an isomorphism if and only if UT(ξF
T
ia
) is so. But sine UTFT = T, it is
easy to hek that UT(ξF
T
ia
) = ξTia , proving that ξ
FT
ia
is an isomorphism if and only if ξTia is
so.
Combining this with Proposition 1.4, we get
Proposition 1.7. Let T = (UF, η, UεF ) be the monad orresponding to the adjuntion
η, ε : F ⊣ U : B → A, then for any objet a0 ∈ A,
SubA,T(T (a0)) = SubA, F (UF (a0)) = SubA, FT(U
TFT(a0)).
Let G = (G = FU, ε
G
= ε, δ
G
= FηU) be the omonad on B generated by the
adjuntion F ⊣ U , B
G
the orresponding Eilenberg-Moore ategory of G-oalgebras, U
G
:
B
G
→ B the forgetful funtor, and K
G
: A → B
G
the omparison funtor that takes an
arbitrary objet a ∈ A to the G-oalgebra (F (a), F (ηa)). We write G-oalg(b0) for the set
of all G-oalgebra strutures on b0.
Proposition 1.8. The assignment
[(a, ia)] // (b0
ξ−1a // F (a)
F (ηa) // FUF (a)
FU(ξa)// FU(b0) = G(b0))
denes a map
ΨF,b0 : SubA,F (U(b0))→ G−oalg(b0).
Proof. Let [(a, ia)] ∈ SubA,F (U(b0)). We have to show that (ΨF,b0((a, ξa)) is a G-oalgebra
morphism -to be replaed by) ΨF,b0(a, ξa) ∈ G−oalg(b0) . First we prove that εb0 ·
ΨF,b0((a, ξa)) = 1. Using the naturality of ε : FU → 1 and the triangular identity εF (a) ·
F (ηa) = 1F (a) for the adjuntion η, ǫ : F ⊣ U , we see that
εb0 ·ΨF,b0((a, ξa)) = εb0 · FU(ξa) · F (ηa) · ξ
−1
a =
= ξa · εF (a) · F (ηa) · ξ
−1
a = ξa · 1F (a) · ξ
−1
a = ξa · ξ
−1
a = 1b0 .
Next, we have to prove that
(δ
G
)b0 ·ΨF,b0((a, ξa)) = G(ΨF,b0((a, ξa))) ·ΨF,b0((a, ξa)).
Sine η : 1→ UF is a natural transformation, the diagrams
a
ηa //
ηa

UF (a)
UF (ηa)

and
UF (a)
U(ξa)

ηUF (a)// UFUF (a)
UFU(ξa)

UF (a) ηUF (a)
// UFUF (a) U(b0) ηU(b0)
// UFU(b)
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ommute. Hene
FUF (ηa) · F (ηa) = F (ηUF (a)) · F (ηa) (1.1)
and
FUFU(ξa) · F (ηUF (a)) = F (ηU(b0)) · FU(ξa). (1.2)
We now have:
G(ΨF,b0((a, ξa))) ·ΨF,b0((a, ξa)) =
= FUFU(ξa) · FUF (ηa) · FU(ξ
−1
a ) · FU(ξa) · F (ηa) · ξ
−1
a =
= FUFU(ξa) · FUF (ηa) · F (ηa) · ξ
−1
a = by (1)
= FUFU(ξa) · F (ηUF (a)) · F (ηa) · ξ
−1
a = by (2)
= F (ηU(b0)) · FU(ξa) · F (ηa) · ξ
−1
a =
= F (ηU(b0)) ·ΨF,b0((a, ξa)) =
(sine (δ
G
)b0 = F (ηU(b0)) by denition of δG)
= (δ
G
)b0 ·ΨF,b0((a, ξa)).
Suppose now that [(a, ξa)] = [(a
′, ξa′)] in SubA,F (U(b0)). Then there exists an isomor-
phism f : a→ a′ suh that ia′f = ia, and thus ξa′F (f) = ξa. Then, sine η : 1→ UF is a
natural transformation, the diagram
b0
ξ−1
a′
5
55
55
55
5
55
55
55
ξ−1a // F (a)
F (ηa) // FUF (a)
FU(ξa) // FU(b0)
F (a′)
F (f−1)
OO
F (ηa′ )
// FUF (a1)
FUF (f−1)
OO
FU(ξa′)
// FUF (b0)
ommutes. It follows that
ΨF,b0([(a, ia)]) = FU(ξa) · F (ηa) · ξ
−1
a =
= FU(ξa′) · F (ηa′) · ξ
−1
a′ = ΨF,b0([(a
′, ia′)]).
Thus, ΨF,b0 is well-dened.
Reall that F is alled (pre)omonadi if the omparison funtor K
G
: A → B
G
is an
equivalene of ategories (full and faithful). We are ready to state the main result of this
setion.
7
Proposition 1.9. If F is omonadi, the map
ΨF,b0 : SubA,F (U(b0))→ G−oalg(b0)
is bijetive.
Proof. We rst show thatΨF,b0 is injetive. Indeed, suppose thatΨF,b0([(a, ia]) = ΨF,b0([(a
′, ia′)]).
Then the diagram
F (a)
F (ηa) // FUF (a)
FU(ξa)
&&LL
LL
LL
LL
LL
b0
ξ−1
a′ !!
CC
CC
CC
CC
C
ξ−1a
=={{{{{{{{{
FU(b0)
F (a′)
F (ηa′ )
// FUF (a′)
FU(ξa′)
88rrrrrrrrrr
ommutes. It follows that we have the following ommutative diagram
F (a)
ξ−1
a′
·ξa

F (ηa) // FUF (a)
FU(ξ−1
a′
·ξa)

F (a′)
F (ηa′)
// FUF (a′).
But to say that this diagram ommutes is just to say that ξ−1a′ · ξa : F (a) → F (a
′) is
a morphism in B
G
from the G-oalgebra K
G
(a) = (F (a), F (ηa)) to the G-oalgebra
K
G
(a′) = (F (a′), F (ηa′)) and sine the funtor F is assumed to be omonadi, the funtor
K
G
is an equivalene of ategories and thus there exits a morphism f : a→ a′ in A suh
that F (f) = ξ−1a′ · ξa, whene ξa = ξa′ · F (f). It follows that F (f) is an isomorphism and
hene so also is f , sine F is omonadi and any omonadi funtor reets isomorphisms.
Moreover, sine αa, b0(ia) = ξia = ξia′ · F (f) = αa′, b0(ia′) · F (f) = εb0 · F (ia′) · F (f) =
εb0 ·F (ia′ · f) = αa, b0(ia′ · f) and sine αa, b0 is bijetive, one onludes that ia′f = ia. Thus,
[(a, ia)] = [(a
′, ia′)], i.e., ΨF,b0 is injetive.
Suppose now that θb0 : b0 → G(b0) is suh that (b0, θb0) ∈G−oalg(b0), and onsider
b˜0 = RG(b0, θb0), where RG : BG → A is the right adjoint of the omparison funtor
K
G
: A → B
G
. It is well known (see [16℄) that b˜0 appears as the equalizer
b˜0
e
b˜0 // U(b0)
U(θb0 )//
ηU(b0)
// UFU(b0).
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Hene (b˜0, eb˜0) ∈ SubA(U(b0)). If ε1 : KGRG → 1 is the ounit of the adjuntionKG ⊣ RG
(whih is an isomorphism, sine F is assumed to be omonadi), then the diagram
F (b˜0)
(ε1)(b0,θb0 )

F (e
b˜0
)
// FU(b0)
b0,
θb0
::uuuuuuuuuu
where (ε1)(b0,θb0 ) denotes the (b0, θb0)-omponent of ε1, ommutes (see, for example, [3℄). It
follows that
θb0 = F (eb˜0) · ((ε1)(b0, θb0 ))
−1
(1.3)
and that
εb0 · F (eb˜0) = εb0 · θb0 · (ε1)(b0,θb0) = (ε1)(b0,θb0 ). (1.4)
Hene ξe
b˜0
= αb˜0,b0(eb˜0) = εb0 · F (eb˜0) = (ε1)(b0,θb0) is an isomorphism. It follows that the
assignment
(b0, θb0)→ [(b˜0, eb˜0)]
denes a map
ΨF,b0 : G-oalg(b0))→ SubA,F (U(b0)).
We now laim that ΨF,b0 · Ψ¯F,b0 = 1. Indeed, we have
ΨF,b0(Ψ¯F,b0(b0, θb0))) = ΨF,b0(b˜0, eb˜0) = FU(ξeb˜0
) · F (ηb˜0) · (ξeb˜0
)−1 =
= FU((ε1)(b0,θb0 ) · F (ηb˜0) · ((ε1)(b0,θb0))
−1 = by (4)
= FU(εb0) · FUF (eb˜0) · F (ηb˜0) · ((ε1)(b0,θb0))
−1 =
(by the naturality of η)
= FU(εb0) · F (ηU(b0)) · F (eb˜0) · ((ε1)(b0,θb0 ))
−1 =
= F (U(εb0)) · ηU(b0)) · F (eb˜0) · ((ε1)(b0,θb0 ))
−1 =
(by the triangular identity)
= F (eb˜0) · ((ε1)(b0,θb0))
−1 = by (3)
= θb0 .
So that ΨF,b0 · Ψ¯F,b0 = 1, and sine ΨF,b0 is injetive, it is bijetive. This ompletes the
proof.
We lose this setion showing that Proposition 1.9 might be viewed as a ategoriation
of [21, Theorem 1.2℄.
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Example 1.10. Let R ⊆ S be an extension of unital rings, and onsider the assoiated
adjuntion η, ǫ : − ⊗R S ⊣ U : ModS → ModR, where U denotes the restrition of
salars funtor from right Smodules to right Rmodules. The orresponding omonad
G is isomorphi to the one given by the Sweedler anonial Soring S ⊗R S, that is,
G ∼= − ⊗S S ⊗R S : ModS → ModS. Thus oalgebras over G are identied with right
S⊗R Somodules. Therefore, for a given right Smodule MS, G− coalg(M) is the set of
all right S ⊗R Soations (i.e., omodule strutures) on MS. Therefore, G− coalg(M) =
Z1(S⊗R S,M), the set of desent 1oyles on S⊗R S with values in M , aording to [6℄.
Now, let us interpret the set SubModR,−⊗RS(U(M)). From the denition, this is the set of
all right Rsubmodules N of MR suh that the map
N ⊗R S →M (n⊗R s 7→ ns)
is bijetive. IfM = N0⊗RS for a given rightRmoduleN0, then eahN ∈ SubModR,−⊗RS(U(M))
beomes a twisted form of N0 over S/R aording to [21℄. In fat, if we denote the set of
suh twisted forms by twist(S/R,N0), then
SubModR,−⊗RS(U(N0 ⊗R S)) = {N ∈ twist(S/R,N0) | ηN is moni }
Hene, when ηN is a monomorphism for all N ∈ ModR (e.g., if − ⊗R S : ModR → ModR
is omonadi), we get
SubModR,−⊗RS(U(N0 ⊗R S)) = twist(S/R,N0),
and, therefore, Proposition 1.9 gives in partiular a bijetion
twist(S/R,N0) ∼= Z
1(S ⊗R S,N0 ⊗R S). (1.5)
When R ⊆ S is an H-Hopf-Galois extension, where H is a Hopf algebra, then, by using the
well-known interplay between Hopf Smodules and omodules over the Soring S ⊗R S
(see, e.g., [6, 2.6℄), one easily dedues from (1.5) the bijetion
Twist(S/R,N0) ∼= H
1(H,N0 ⊗R S)
proved in [21, Theorem 1.2℄, where H1(H,M) is the rst (nonabelian) ohomology set of
the Hopf algebra H with oeients in the (H,S)Hopf module N0⊗S (as dened in [21℄).
2 A biategorial approah to Masuoka's theorem
Our aim in this setion is to formulate and prove a version of Masuoka's theorem for a
general biategory. We begin by realling that a biategory B onsists of :
• a lass Ob(B) of objets, or 0-ells;
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• a family B(A,B), for all A,B ∈ Ob(B), of hom-ategories, whose objets and mor-
phisms are respetively alled 1-ells and 2-ells;
• a (horizontal) omposition operation, given by a family of funtors
B(B, C)× B(A,B)→ B(A, C)
whose ation on a pair (g, f) ∈ B(B, C)× B(A,B) is written g ⊗ f ;
• identities, given by 1-ells 1A ∈ B(A,A), for A ∈ Ob(B);
• natural isomorphisms
αh,g,f : (h⊗ g)⊗ f ≃ h⊗ (g ⊗ f), lf : 1A ⊗ f ≃ f and rf : f ⊗ 1A ≃ f,
subjet to three oherene axioms (see [4℄).
As a basi example, onsider the biategory Bim whose 0ells are assoiative rings
with unit, and, for eah pair of rings A,B, the hom-ategory Bim(A,B) is the ategory of
all unital ABbimodules and all homomomorphisms of ABbimodules between them.
The horizontal omposition is the opposite of the usual tensor produt of bimodules.
A strit biategory, or 2-ategory is a biategory in whih α, l and r are all identities.
When B is a 2-ategory, then the omposition operation sign ⊗ is usually omitted.
An example of 2ategory is CAT, with ategories as 0ells, funtors as 1ells and
natural transformations as 2ells.
For eah biategory B, there exists the transpose biategory B
t
, dened by:
• Ob(Bt) = Ob(B),
• Bt(A,B) = B(B,A) for all objets A,B ∈ Ob(B),
• the horizontal omposition operation
−⊗t − : Bt(B, C)× Bt(A,B)→ Bt(A, C)
is given by the omposite
B
t(B, C)× Bt(A,B) = B(C,B)× B(B,A) ≃ B(B,A)× B(C,B)
−⊗− // B(C,A) = Bt(A, C),
• 1tA = 1A,
• lt = r,
• rt = l,
• αt = α−1.
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A homomorphism Φ = (φ, φ, φ0) : B→ B
′
between biategories onsists of:
• a funtion φ : Ob(B)→ Ob(B′);
• funtors φA,B : B(A,B)→ B
′(φ(A), φ(B));
• natural isomorphisms
φf,g : φ(g)⊗
′ φ(f)→ φ(g ⊗ f)
and
(φ0)A : φ(1A)→ φ(1A),
subjet to appropriate oherene axioms (see [4℄).
Given two homomorphisms Φ,Φ′ : B → B′ with φ(A) = φ′(A) for all objets A ∈
Ob(B), an ion τ : Φ→ Φ′ from Φ to Φ′ onsists of a natural transformation
τA,B : φA,B → φ
′
A,B : B(A,B)→ B
′(φ(A), φ(B)) = B′(φ′(A), φ′(B))
for all objets A,B ∈ Ob(B) satisfying two oherene onditions- one for horizontal om-
position, one for identity 1-ells (see [15℄).
Reall that a monoidal ategory is a one-objet biategory, that is, a monoidal ategory
V is an ordinary ategory V with a bifuntor
−⊗− : V × V → V
and a unit objet I ∈ V , together with natural isomorphisms
αX,Y,Z : (X ⊗ Y )⊗ Z ≃ X ⊗ (Y ⊗ Z),
lX : I ⊗X ≃ X,
and
rX : X ⊗ I ≃ X,
subjet to appropriate oherene axioms (see, for example, [16℄). Reall also that a
monoidal ategory V = (V,⊗, I, α, l, r) is said to be strit if the struture morphisms
α, l, r are all identities.
Note that if B is a biategory, then for any A ∈ Ob(B), (B(A,A),⊗, 1A, α, l, r) is a
monoidal ategory.
A monoidal funtor
Φ = (φ, φ, φ0) : V = (V,⊗, I, α, l, r)→ V
′ = (V ′,⊗′, I ′, α′, l′, r′)
between monoidal ategories onsists of:
• an ordinary funtor φ : V → V ′,
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• natural transformations φX,Y : φ(X)⊗
′ φ(Y )→ φ(X ⊗ Y ), and
• a morphism φ0 : I
′ → φ(I)
satisfying the usual oherene onditions (see, for example, [16℄). A strong (resp. strit)
monoidal funtor is a monoidal funtor in whih φ and φ0 are both isomorphisms (resp.
identities).
Reall nally that a monoidal natural transformation
τ : Φ = (φ, φ, φ0)→ Φ
′ = (φ′, φ′, φ′0) : V → V
′
between monoidal funtors is an ordinary natural transformation τ : φ→ φ′ suh that the
diagrams
φ(X)⊗′ φ(Y )
τX⊗τY

φX,Y // φ(X ⊗ Y )
τX⊗Y

φ′(X)⊗′ φ′(Y )
φ′X,Y
// φ′(X ⊗ Y )
and
φ(I)
τI

I ′
φ0
=={{{{{{{{
φ′0 !!C
CC
CC
CC
C
φ′(I)
ommute.
Note that the two onditions that an ion τ : Φ,Φ′ : B→ B′ satises guarantee that
τA,A : φA,A → φ
′
A,A : B(A,A)→ B
′(φ(A), φ(A))
is a monoidal natural transformation.
Given a monoidal ategory V = (V,⊗, I), we write V t for the monoidal ategory
V,⊗t, I), in whih X ⊗t Y = Y ⊗ X. It is lear that if B is an arbitrary biategory,
then for eah A ∈ Ob(B), Bt(A,A) = (B(A,A))t.
Fix a monoidal ategory V = (V,⊗, I, α, l, r). Reall that a monoid in V (or V-monoid)
is an objet S of V equipped with a multipliation mS : S ⊗ S → S and a unit eS : I → S
subjet to the ondition that the following diagrams ommute:
S ⊗ (S ⊗ S)
S⊗mS

α−1
S,S,S // (S ⊗ S)⊗ S
mS⊗S // S ⊗ S
mS

S ⊗ S mS
// S,
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I ⊗ S
lS
((QQ
QQQ
QQQ
QQQ
QQQ
Q
eS⊗S // S ⊗ S
mS

S ⊗ I
S⊗eSoo
rS
vvmmm
mmm
mmm
mmm
mmm
S
Dually, a omonoid in V (or V-omonoid) is an objet C of V equipped with a omulti-
pliation δC : C→ C⊗C and a ounit εC : C→ I subjet to the ondition that the following
diagrams ommute:
C⊗ (C⊗ C) (C⊗ C)⊗ C
αC,C,Coo C⊗ C
δC⊗Coo
C⊗ C
C⊗δC
OO
C,
δC
oo
δC
OO
I ⊗ C
lC
((QQ
QQQ
QQQ
QQQ
QQQ
Q C⊗ C
εC⊗Coo C⊗εC // C⊗ I
rC
vvmmm
mmm
mmm
mmm
mmm
C
δC
OO
A morphism from a V-monoid S = (S, eS, mS) to a V-monoid S
′ = (S ′, eS′, mS′) is a
morphism f : S → S ′ in V suh that the diagrams
I
eS′ ?
??
??
??
?
eS // S
f

S ′
and
S ⊗ S
f⊗f //
mS

S ′ ⊗ S ′
mS′

S
f
// S ′
ommute.
Dually, a morphism from a V-omonoid C = (C, εC, δC) to a V-omonoid C
′ = (C′, εC′, δC′)
is a morphism τ : C→ C′ in V suh that the diagrams
C
εC //
ε
C′ >
>>
>>
>>
C
τ

C
and
C⊗ C
τ⊗τ // C′ ⊗ C′
C τ
//
δC
OO
C
′
δ
C′
OO
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ommute.
We write Mon(V) (resp. Comon(V)) for the ategory of V-(o)monoids and their
morphisms.
If S = (S, eS, mS) is a monoid in a monoidal ategory V, we write T
l
S
(resp. T
r
S
) for
the monad on V dened by
• Tl
S
(X) = S ⊗X for all X ∈ V,
• ηlX = (eS ⊗X) · (lX)
−1 : X → S ⊗X = Tl
S
(X), and
• µlX = (mS ⊗X) · (αS,S,X)
−1 : Tl
S
(Tl
S
(X)) = S ⊗ (S ⊗X)→ S ⊗X = Tl
S
(X)
(resp.
• Tr
S
(X) = X ⊗ S ,
• ηrX = (X ⊗ eS) · (rX)
−1 : X → X ⊗ S = Tr
S
(X), and
• µX = (X ⊗mS) · αX,S,S : T
r
S
(Tr
S
(X)) = X ⊗ S ⊗ S → X ⊗ S = Tl
S
(X))
for all X ∈ V.
Dually, for a V-omonoid C = (C, εC, δC), one denes the omonads G
l
C
and G
r
C
on V.
We shall need the following propositions whose proofs are straightforward.
Proposition 2.1. Any monoidal funtor
Φ = (φ, φ, φ0) : V → V
′
preserves monoids in the sense that, if S = (S, eS, mS) is a V-monoid, then the triple
φ(S) = (φ(S), φ(eS) · φ0, φ(mS) · φS,S) is a V
′
-monoid. Moreover, if Φ is a strong monoidal
funtor, then it also preserves omonoids in the sense that, if C = (C, εC, δC) is a V-
omonoid, then the triple φ(C) = (φ(C), φ−10 · φ(εC), (φC,C)
−1 · φ(δC)) is a V
′
-omonoid.
Proposition 2.2. 1) Let τ : C = (C, εC, δC) → C
′ = (C′, εC′, δC′) be an isomorphism of
V-omonoids. Then the rule
(σ : C→ C) −→ (τστ−1 : C′ → C′)
denes an isomorphism of monoids
tτV : Comon(V)(C,C)→ Comon(V)(C
′,C′).
2) Let
Φ = (φ, φ, φ0) : V → V
′
be a strong monoidal equivalene. Then for any V-omonoid C = (C, εC, δC), the rule
(σ : C→ C) −→ (φC,C(σ) : φ(C)→ φ(C))
denes an isomorphism of monoids
sΦ
C
: Comon(V)(C,C)→ Comon(V ′)(φ(C), φ(C)).
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Given a monoid S = (S, eS, mS) in a monoidal ategory V = (V,⊗, I, α, l, r), we write
I
l
V(S) for the sublass of SubV(S) onsisting of those elements [(J, iJ : J → S)] ∈ SubV(S)
for whih the omposite
ξliJ : S ⊗ J
S⊗iJ // S ⊗ S
mS // S
is an isomorphism.
Dually, we let I
r
V(S) denote the sublass of SubV(S) onsisting of those subobjets
[(J, iJ : J → S)] of S for whih the omposite
ξriJ : J ⊗ S
iJ⊗S // S ⊗ S
mS // S
is an isomorphism.
Proposition 2.3. Let f : S = (S, eS, mS) → S
′ = (S ′, eS′, mS′) be an isomorphism of
V-monoids. Then the assignment
[J, iJ : J → S] −→ [(J, fiJ : J → S
′)]
yields bijetions
I
l
V(f) : I
l
V(S)→ I
l
V(S
′)
and
I
r
V(f) : I
r
V(S)→ I
r
V(S
′).
Proof. By symmetry, it is enough to prove the rst statement.
It is lear that I
r
V(f) is injetive. To show that it is surjetive, onsider any [(J, iJ :
J → S ′)] ∈ IrV(S
′). The following diagram
S⊗J
ξliJ
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
S⊗iJ // S⊗S ′
f⊗S′

S⊗f−1 // S⊗S
mS

S ′⊗S ′
mS′

S ′
f−1
// S
ommutes sine f (and hene also f−1) is a morphism of V-monoids. It follows that
mS · (S⊗f
−1) · (S⊗iJ ) = mS · (S⊗(f
−1iJ))
is an isomorphism. Sine f−1iJ is learly injetive, it follows that [(J, f
−1iJ : J → S)] ∈
I
r
V(S). Quite obviously I
r
V(f)([(J, f
−1iJ)]) = [(J, iJ : J → S
′)]. This ompletes the proof.
The following Proposition, whose proof is left to the reader, onnets the denitions of
I
l(S) to the sets of subobjets studied in Setion 1.
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Proposition 2.4. For an arbitrary monoid S = (S, eS, mS) in a monoidal ategory V, the
assignments
[(J, iJ : J → S⊗I)] −→ [(J, rSiJ : J → S)]
and
[(J, iJ : J → S⊗I)] −→ [(J, lSiJ : J → S)]
yield bijetions
ql
S
: SubV ,T l
S
(T l
S
(I))→ IlV(S)
and
qr
S
: SubV ,T r
S
(T r
S
(I))→ IrV(S),
respetively. When V is strit, then ql
S
and qr
S
are identities.
Reall that a morphism i : X → Y in a monoidal ategory V = (V,⊗, I) is said to be
left (resp. right) pure if for any Z ∈ V, the morphism Z ⊗ i : Z ⊗ X → Z ⊗ Y (resp.
i ⊗ Z : X ⊗ Z → Y ⊗ Z) is a monomorphism. When the unit of a monoid S in V is left
pure, I
l
V(S) is a monoid in the sense that it has an assoiative produt and a unit, as the
following fundamental Proposition shows.
Proposition 2.5. Let S = (S, eS, mS) be a monoid in a monoidal ategory V suh that
the morphism eS : I → S is left pure. Then I
l
V(S) has the struture of a monoid where the
produt [(J1, iJ1)] · [(J2, iJ12)] of two elements [(J1, iJ1)], [(J2, iJ12)] ∈ I
l
V(S) is dened to be
the equivalene lass of the pair (J1 ⊗ J2, iJ1⊗J2), where iJ1⊗J2 is the omposite
J1 ⊗ J2
iJ1⊗iJ2 // S ⊗ S
mS // S .
Moreover, the element [(I, eS : I → S)] is a two sided unit for this multipliation.
Proof. Let [(J1, iJ1)], [(J2, iJ12)] ∈ I
l
V(S). Consider the following diagram
S ⊗ (J1 ⊗ J2)
S⊗(iJ1⊗J2) //
(αS,J1,J2 )
−1

S ⊗ (S ⊗ J2)
S⊗(S⊗iJ2) //
(αS,S,J2 )
−1

S ⊗ (S ⊗ S)
S⊗mS //
(αS,S,S )
−1

S ⊗ S
mS

(S⊗J1)⊗J2
(1)
(S⊗iJ1 )⊗J2
// (S⊗S)⊗J2
(2)
(S⊗S)⊗iJ2
//
mS⊗J2

(S⊗S)⊗S
mS⊗S

(4)
S ⊗ J2
(3)
S⊗iJ2
// S ⊗ S mS
// S
in whih
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• (1) and (2) are ommutative by naturality of α;
• (3) ommutes by naturality of mS ⊗−, and
• (4) ommutes by assoiativity of mS.
It follows that
ξiJ1⊗J2 = mS · (S⊗iJ1⊗J2) = mS · (S⊗mS) · (S⊗(iJ1⊗iJ2)) =
= mS · (S ⊗mS) · (S ⊗ (S ⊗ iJ2)) · (S ⊗ (iJ1 ⊗ J2)) =
= mS · (S ⊗ iJ2) · (mS ⊗ J2) · ((S ⊗ iJ1)⊗ J2) · (αS,J1,J2)
−1 =
= ξiJ2 · ((mS · (S ⊗ iJ1))⊗ J2) · (αS,J1,J2)
−1 = ξiJ2 · (ξiJ1 ⊗ J2) · (αS,J1,J2)
−1.
But the morphisms ξiJ1 and ξiJ2 are both isomorphisms, sine [(J1, iJ1)], [(J2, iJ12)] ∈ I
l
V(S),
implying that ξiJ1⊗J2 is also an isomorphism.
Next, sine ξiJ1⊗J2 = mS · (S ⊗ iJ1⊗J2) is an isomorphism, the morphism S ⊗ iJ1⊗J2
is a monomorphism, and sine eS : I → S is left pure by our assumption, the funtor
S ⊗ − : V → V reets monomorphisms, implying that iJ1⊗J2 is a monomorphism. Thus
[(J1 ⊗ J2, iJ1⊗J2)] ∈ I
l
V(S).
Suppose now that [(J1, iJ1)] = [(J
′
1, iJ ′1)] and [(J2, iJ2)] = [(J
′
2, iJ ′2)]. Then there exist
isomorphisms f1 : J1 → J
′
1 and f2 : J2 → J
′
2 suh that the diagrams
J1
f1

iJ1
&&MM
MM
MM
MM
MM
MM
M
S
J ′1
iJ′
1
88qqqqqqqqqqqqq
(2.1)
and
J2
f2

iJ2
&&MM
MM
MM
MM
MM
MM
M
S
J ′2
iJ′
2
88qqqqqqqqqqqqq
(2.2)
ommute. Then
iJ ′1⊗J ′2 · (f1 ⊗ f2) = mS · (S ⊗ iJ ′2) · (iJ ′1 ⊗ J
′
2) · (f1 ⊗ J
′
2) · (J1 ⊗ f2) = by (6)
= mS · (S ⊗ iJ ′2) · (iJ1 ⊗ J
′
2) · (J1 ⊗ f2) = by naturality
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= mS · (S ⊗ iJ ′2) · (S ⊗ f2) · (iJ1 ⊗ J2) = by (7)
= mS · (S ⊗ iJ2) · (iJ1 ⊗ J2) = iJ1⊗J2
and hene the following diagram
J1 ⊗ J2
f1⊗f2

iJ1⊗J2
((PP
PP
PP
PP
PP
PPP
P
S
J ′1 ⊗ J
′
2,
iJ′
1
⊗J′
2
77nnnnnnnnnnnnn
ommutes, whose ommutativity just means  sine f1⊗f2 is an isomorphism  that [(J1⊗
J2, iJ1⊗J2)] = [(J
′
1 ⊗ J
′
2, iJ ′1⊗J ′2)]. Thus, the map ([(J1, iJ1)], [(J2, iJ2)]) → [(J1 ⊗ J2, iJ1⊗J2)]
is well-dened.
Sine eS : I → S is left pure, eS is a monomorphism. Moreover, sine eS is the unit for
the multipliation mS : S ⊗ S → S, the following diagram
S ⊗ I
rS
%%J
JJ
JJ
JJ
JJ
J
S⊗eS // S ⊗ S
mS

S
ommutes. And sine rS is an isomorphism, [(I, eS)] ∈ I
l
V(S).
Now, for any [J, iJ ] ∈ I
l
V(S), onsidering the diagram
I ⊗ J
I⊗iJ //
lJ

I ⊗ S
eS⊗S //
lS

S ⊗ S
mS
{{xx
xx
xx
xx
xx
xx
xx
xx
xx
x
J
iJ
// S
(resp.
J ⊗ I
iJ⊗I //
rJ

S ⊗ I
S⊗eS //
rS

S ⊗ S
mS
{{xx
xx
xx
xx
xx
xx
xx
xx
xx
x
J
iJ
// S
)
whih is ommutative, sine
• the square ommutes by naturality of l (resp. r), and
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• the triangle ommutes beause eS is the unit for mS : S ⊗ S → S,
one sees that [I, eS] is a two sided unit for the multipliation
([(J1, iJ1)], [(J2, iJ2)])→ [(J1 ⊗ J2, iJ1⊗J2)].
Remark 2.6. Let S = (S, eS, mS) be an arbitrary V-monoid. If eS : I → S is left
(resp. right) pure, then transporting the struture of a monoid on I
l
V(S) (resp. I
r
V(S)) to
SubV ,T l
S
(T l
S
(I)) (resp. SubV ,T l
S
(T r
S
(I)), one sees that ql
S
and qr
S
beome isomorphisms of
monoids.
Proposition 2.7. Let
Φ = (φ, φ, φ0) : V → V
′
be a strong monoidal funtor suh that the funtor φ : V → V ′ preserves monomorphisms.
Then for any monoid S = (S, eS, mS) in V, the assignment
[(J, iJ )] −→ [(φ(J), φ(iJ))]
yields a map
φ S : I
l
V(S)→ I
l
V ′(φ(S)).
Proof. Given an arbitrary [(J, iJ)] ∈ I
l
V(S), onsider the pair (φ(J), φ(iJ)). Sine the
funtor φ preserves monomorphisms, φ(iJ) : φ(J) → φ(S) is a monomorphism and thus
[(φ(J), φ(iJ))] ∈ SubV ′(φ(S)). To see that [(φ(J), φ(iJ))] ∈ I
l
V ′(φ(S)), onsider the ompos-
ite
ξφ(iJ ) : φ(S)⊗ φ(J)
φ(S)⊗φ(iJ ) // φ(S)⊗ φ(S)
mφ(S) // φ(S).
Sine mφ(S) = φ(mS) · φS,S, we have
ξφ(iJ ) = φ(mS) · φS,S · (φ(S)⊗ φ(iJ)) = by naturality of φ
= φ(mS) · φ(S ⊗ iJ ) · φS,J =
= φ(mS · (S ⊗ iJ)) · φS,J =
= φ(ξiJ ) · φS,J .
Thus ξφ(iJ ) is an isomorphism, implying that [(φ(J), φ(iJ))] ∈ I
l
V ′(φ(S)).
Proposition 2.8. In the situation of Proposition 2.7, if Φ is a strong monoidal equivalene,
then the map φ S is bijetive. Moreover, when eS : I → S is left pure, this bijetion is an
isomorphism of monoids.
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Proof. Quite obviously, the map φ S is injetive. So it sues to show that φ S is surjetive.
So suppose that [(X, iX)] ∈ I
l
V ′(φ(S)), and let Φ
′ = (φ′, φ′, φ′0) : V
′ → V be a strong
monoidal funtor with monoidal natural isomorphisms σ : 1→ φφ′ and τ : φ′φ→ 1. Sine
any equivalene preserves monomorphisms, it follows from Proposition 2.7 that [(φ′(iX) :
φ′(X) → φ′φ(S))] ∈ IlV(φ
′φ(S)). It is then lear that (τS · φ
′(iX) : φ
′(X) → S) ∈ SubV(S).
Next, looking at the following diagram
S ⊗ φ′(X)
S⊗φ′(iX ) //
(τS )
−1⊗φ′(X)

S ⊗ φ′φ(X)
S⊗τS //
(τS)
−1⊗φ′φ(S)

S ⊗ S
mS

φ′φ(S)
(1)
φ′φ(S),X

φ′φ(S)⊗φ′φ(iX)
// φ′φ(S)⊗ φ′φ(S)
φ′φ(S),φ(S)

(2)
S
φ′(φ(S))⊗X
(3)
φ′(φ(S))⊗iX
// φ′(φ(S)⊗ φ(S))
φ′(mS)
// φ′φ(S)
τS
OO
whih is ommutative sine
• (1) ommutes by naturality,
• (2) ommutes, sine τS : φ
′φ(S)→ S is a morphism of monoids (whih follows from
the fat that τ is a monoidal natural transformation), and
• (3) ommutes sine τ is a monoidal natural transformation,
one sees that ξiτS ·φ′(iX )
= mS · (S ⊗ τS) · (S ⊗ φ
′(iX)) is an isomorphism, proving that
[(τS · φ
′(iX) : φ
′(X)→ S)] ∈ IlV(S).
We now have:
φ(τS · φ
′(iX)) = φ(τS) · φ(φ
′(iX)) = sine φτ · σφ = 1
= (σ)−1
φ(S) · φ(φ
′(iX)) = by naturality of σ
= iX · (σ)
−1
X .
Thus the diagram
φφ′(X)
(σ)−1
X

φ(τS ·φ
′(iX))
((PP
PP
PP
PP
PP
PP
P
φ(S)
X
iX
66mmmmmmmmmmmmmmm
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ommutes, proving that φ S([(φ
′(X), τS · φ
′(iX))]) = [(X, iX)]. Thus the map
φ S : I
l
V(S)→ I
l
V ′(φ(S))
is surjetive, and hene bijetive.
Suppose now that the morphism eS : I → S is left pure in V. It is easy to see- using the
fat that Φ is a strong monoidal equivalene- that the morphism φ(eS) : φ(I)→ φ(S) is left
pure in V ′. Sine φ0 : I
′ → φ(I) is an isomorphism, this implies that φ(eS) · φ0 : I
′ → φ(S)
is also left pure in V ′. Consequently, when the morphism eS : I → S is left pure in V, then
I
l
V(S) and I
l
V ′(φ(S)) both have the struture of a monoid. We want to show that φ S is a
homomorphism (and hene an isomorphism) of monoids.
Quite obviously, the diagram
I ′
φ0

φ(eS)·φ0
''OO
OO
OO
OO
OO
OO
OO
φ(S)
φ(I)
φ(eS)
77ooooooooooooo
ommutes, proving that φ S([(I, eS)]) = [(I
′, eφ(S))]. Thus the map φ S preserves the identity.
Now let [(J1, iJ1)], [(J2, iJ2)] ∈ I
l
V(S) be arbitrary elements. Sine in I
l
V(S),
[(J1, iJ1)] · [(J2, iJ2)] = [(J1 ⊗ J2, iJ1⊗J2)],
where
iJ1⊗J2 = mS · (iJ1 ⊗ iJ2),
we have
φS([(J1, iJ1)] · [(J2, iJ2)]) = [(φ(J1 ⊗ J2), φ(mS · (iJ1 ⊗ iJ2))] =
= [(φ(J1 ⊗ J2), φ(mS) · φ(iJ1 ⊗ iJ2))].
Considering the diagram
φ(J1)⊗ φ(J2)
φ(iJ1 )⊗φ(iJ2 ) //
φJ1, J2

φ(S)⊗ φ(S)
φS,S

φ(J1 ⊗ J2)
φ(iJ1⊗iJ2)
// φ(S ⊗ S)
whih is ommutative by naturality of φ, one sees that
φ(iJ1⊗J2) · φJ1, J2 = φ(mS) · φ(iJ1 ⊗ iJ2) · φJ1, J2 =
22
= φ(mS) · φS,S · (φ(iJ1)⊗ φ(iJ2)) =
= mφ(S) · (φ(iJ1)⊗ φ(iJ2)) = iφ(J1)⊗φ(J2),
whih means that the diagram
φ(J1)⊗ φ(J2)
φJ1, J2

iφ(J1)⊗φ(J2)
))RR
RRR
RRR
RRR
RRR
R
φ(S)
φ(J1 ⊗ J2)
φ(iJ1⊗J2 )
55lllllllllllllll
ommutes. Thus in I
l
V ′(φ(S))
[(φ(J1 ⊗ J2), φ(iJ1⊗J2))] = [(φ(J1)⊗ φ(J2), iφ(J1)⊗φ(J2))],
proving that
φS([(J1, iJ1)] · [(J2, iJ2)]) = φS([(J1, iJ1)]) · φS([(J2, iJ2)]).
Thus φS is a homomorphism of monoids.
Let us now onsider a biategory B and an arbitrary 0-ell A ∈ Ob(B). We all a
(o)monoid in the monoidal ategory B(A,A) an A-(o)ring and write A-Rings (resp.
A-Corings) for the ategory of A-rings (resp. A-orings). When B = Bim, the biategory
of bimodules over unital rings, we reover the usual notions of an Aring or an Aoring
for a given ring A.
Suppose that S = (S, eS, mS) be an A-ring. For any 0-ell C, S indues a monad
T = TC
S
= (T,m
T
, e
T
) on the ategory B(C,A) as follows:
T (f) = S⊗f, (m
T
)f = (mS⊗f)·(αS,S,f)
−1, and (e
T
)f = (eS⊗f)·(lf)
−1
for all f ∈ B(C,A).
We write B(C,A)
T
C
S
for the Eilenberg-Moore ategory of T
C
S
-algebras.
Dually, given an A-oring C = (C, εC, δC), one denes a omonadG = G
C
C
= (G, δ
G
, ε
G
)
on the ategory B(C,A) by
G(h) = C⊗h, (δ
G
)h = αC,C,h(δC⊗h) and (εG)h = lh · (εC⊗h) for all h ∈ B(C,A).
We write B(C,A)G
C
C
for the orresponding Eilenberg-Moore ategory of G
C
C
-oalgebras.
Reall that a 1-ell f : A → B admits as a right adjoint a 1-ell f ∗ : B → A when
there exist 2-ells ηf : 1A → f
∗⊗f and εf : f⊗f
∗ → 1B suh that the following diagrams
ommute in B(A,B) and B(B,A), respetively:
f⊗1A
f⊗ηf//
rf

f⊗(f ∗⊗f)
(αf,f∗,f )
−1
// (f⊗f ∗)⊗φ
εf⊗f

f
(lf )
−1
// 1B⊗f
(2.3)
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and
1A⊗f
∗
ηf⊗f
∗
//
lf∗

(f ∗⊗f)⊗f ∗
αf∗,f,f∗// f ∗⊗(f⊗f ∗)
f∗⊗εf

f ∗
(rf∗)
−1
// f ∗⊗1B .
(2.4)
We usually write ηf , εf : f ⊣ f
∗ : B → A to denote that the 1-ell f ∗ is right adjoint to
the 1-ell f with unit ηf and ounit εf .
When B is a 2-ategory, then (2.3) and (2.4) an be rewritten as follows:
εff · fηf = 1 and f
∗εf · ηff
∗ = 1. (2.5)
Let ηf , εf : f ⊣ f
∗ : B → A be adjuntion in B and let C be an arbitrary 0-ell of B.
Sine the representable
B(C,−) : B→ CAT
is a homomorphism of biategories and sine any homomorphism of biategories preserves
adjuntions, the funtor
B(C, f) = f⊗− : B(C,A)→ B(C,B)
admits as a right adjoint the funtor
B(C, f ∗) = f ∗⊗− : B(C,B)→ B(C,A) .
The unit ηCf and ounit ε
C
f of this adjuntion are given by the formulas:
(ηCf )g : g
(lg)−1 // 1A⊗g
ηf⊗g // (f ∗⊗f)⊗g
αf∗,f,g// f ∗⊗(f⊗g), for all g ∈ B(C,A)
and
(εCf)h : f⊗(f
∗⊗h)
(αf,f∗,h)
−1
// (f⊗f ∗)⊗h
εf⊗h // 1B⊗h
rh // h, for all h ∈ B(C,B).
We shall write T
C
f (resp. G
C
f) for the monad (resp. omonad) on the ategory B(C,A)
(resp. B(C,B)) generated by the adjuntion
B(C, f) ⊣ B(C, f ∗) : B(C,B)→ B(C,A).
Dually, the funtor
B(f, C) = −⊗f : B(B, C)→ B(A, C)
is right adjoint to the funtor
B(f ∗, C) = −⊗f ∗ : B(A, C)→ B(B, C)
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whose unit and ounit are
(ηCf)g : g
(rg)−1 // g⊗1A
g⊗ηf // g⊗(f ∗⊗f)
(αg,f∗,f )
−1
// (g⊗f ∗)⊗f for all g : A → C,
and
(εCf)h : (h⊗f)⊗f
∗
αh,f,f∗ // h⊗(f⊗f ∗)
h⊗εf // h⊗1B
rh // h for all h : B → C.
From (7) and (8), it is easily veried that
Proposition 2.9. For any adjuntion ηf , εf : f ⊣ f
∗ : B → A in B, the triple
SBf = (f
∗⊗f,mf , ηf),
where mf is the omposite
(rf∗⊗f
∗) · ((f ∗⊗εf)⊗f) · (αf∗,f,f∗⊗f) · (αf∗⊗f,f∗,f)
−1 : (φ∗⊗φ)⊗(f ∗⊗f)→ f ∗⊗f,
is an A-ring, while the triple
C
B
f = (f⊗f
∗, δf , εf),
where δf is the omposite
(αf∗⊗f,f∗,f) · ((αf,f∗,f)
−1⊗f ∗) · ((f⊗ηf )⊗f
∗) · ((rf)
−1⊗f ∗) : f⊗f ∗ → (f⊗f ∗)⊗(f⊗f ∗),
is a B-oring.
By abuse of notation, we will write Sf and Cf when B lear from the ontext. Observe
that the oring C
B
f is a general form of the omatrix oring introdued in [8℄.
Remark 2.10. It is not hard to hek that the monads T
A
f and T
l
Sf
are isomorphi.
We now onsider an adjuntion ηf , εf : f ⊣ f
∗ : B → A in an arbitrary 2-ategory
K, the orresponding B-oring Cf and write EndB(Cf ,Cf) for B-Corings(Cf ,Cf). Sine
(f, ηff : f → ff
∗f) ∈ K(A,B)
G
A
Cf
, the pair (f, αf · fηf) is also an objet of the ategory
B(A,B)
G
A
Cf
for any α ∈ EndB(Cf ,Cf). Hene the assignment
α→ (f, αf · fηf )
yields a map
γ : EndB(Cf ,Cf)→ G
A
Cf
-oalg(f).
Proposition 2.11. The map γ is bijetive.
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Proof. For any (f, θf : f → C
∗
f (f) = ff
∗f) ∈ K(A,B)
G
A
Cf , write γ′(θf ) for the omposite
Cf = ff
∗ θff
∗
// ff ∗ff ∗
ff∗εf // ff ∗ = Cf .
We laim that γ′(θf) is a endomorphism of the Boring Cf . Indeed, looking at the diagram
ff ∗
θff
∗
//
PPP
PP
PPP
PPP
PPP
P
PPP
PP
PPP
PPP
PPP
P ff
∗ff ∗
ff∗εf //
fεff
∗

ff ∗
εf

ff ∗ εf
// 1
in whih the triangle ommutes beause (f, θf ) ∈ K(A,B)
G
A
Cf
, while the square ommutes
by funtoriality of omposition, we see that εf · γ
′(θf ) = εf . Moreover, sine
ff ∗εff · θff
∗f · fηf = ff
∗εff · ff
∗fηf · θf = θf (2.6)
by funtoriality of omposition and by (2.5), we have
(γ′(θf )γ
′(θf )) · δCf = ff
∗γ′(θf) · γ
′(θf)ff
∗ · δCf =
= ff ∗ff ∗εf · ff
∗θff
∗ · ff ∗εfff
∗ · θff
∗ff ∗ · fηff
∗ = by (2.6)
= ff ∗ff ∗εf · ff
∗θff
∗ · θff
∗ = sine (f, θf ) ∈ K(A,B)
G
A
Cf
= ff ∗ff ∗εf · fηff
∗ff ∗ · θff
∗ = by naturality of omposition
= fηff
∗ · ff ∗εf · θff
∗ = δCf · γ
′(θf ).
Thus γ′(θf) is an endomorphism of the B-oring Cf , and therefore the assignment
(f, θf )→ γ
′(θf )
yields a map
γ′ : GA
Cf
-oalg(f)→ EndB(Cf ,Cf).
We are now going to show that γ′ is the inverse to γ. To show that γ′γ = 1, onsider
an arbitrary element α of EndB(Cf ,Cf). We have:
(γ′γ)(α) = γ′(f, αf · fηf) =
= ff ∗εf · αff
∗ · fηff
∗ = by naturality of omposition
= α · ff ∗εf · fηff
∗ = by (2.5)
= α.
Thus γ′γ = 1.
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Now, if (f, θf ) ∈ G
A
Cf
−coalg(f), then we have:
(γγ′)(θf ) = γ(ff
∗εf · θff
∗)) =
= ff ∗εff · θff
∗f · fηf = by naturality of omposition
= ff ∗εff · ff
∗fηf · θf = by (2.5)
= θf .
Thus γγ′ = 1 and hene γ is bijetive whose inverse is γ′.
Proposition 2.12. Let f ⊣ f ∗ : B → A be an adjuntion in a biategory B suh that the
unit of the adjuntion
B(A, f) ⊣ B(A, f ∗) : B(A,A)→ B(A,B)
is a monomorphism. Then
SubB(A,A ),B(A,f)(B(A, f
∗)(f)) = SubB(A,A ),B(A,f)(f
∗f)
has the struture of a monoid where the produt
[(h′, ih′)] · [(h, ih)]
of
[(h, ih)], [(h
′, ih′)] ∈ SubB(A,A ),B(A,f)(f
∗f)
is dened to be the (the equivalene lass of) the pair (h′⊗h, ih′⊗h), where ih′h is the om-
posite
h′⊗h
ih′⊗h // (f ∗⊗f)⊗h
(f∗⊗f)⊗ih// (f ∗⊗f)⊗(f ∗⊗f)
(αf∗⊗f,f∗,f )
−1
// ((f ∗⊗f)⊗f ∗)⊗f
αf∗,f,f∗⊗f// (f ∗⊗(f⊗f ∗))⊗f
(f∗⊗εf )⊗f// (f ∗⊗1A)⊗f
rf∗⊗f // f ∗⊗f.
Moreover, the element [(ηf : 1A → f
∗f)] is a two sided unit for this multipliation.
Proof. Aording to Propositions 1.5 and 1.7 and Remark 2.10, we have the following hain
of bijetions
SubB(A,A ),B(A,f)(B(A, f
∗)(f)) ≃ SubB(A,A ),B(A,f)(B(A, f
∗)(f⊗1A)) =
= SubB(A,A ),B(A,f)(B(A, f
∗)(B(A, f)(1A)) = SubB(A,A ),TAf (T
A
f (1A)) ≃
≃ Sub
B(A,A ),TlSf
(Tl
Sf
(1A)) ≃ I
l
B(A,A)(Sf ).
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Sine the unit of the adjuntion
B(A, f) ⊣ B(A, f ∗) : B(A,A)→ B(A,B)
is a monomorphism, the morphism ηf : 1 → f
∗⊗f is right pure in the monoidal ate-
gory B(A,A), implying that Il
B(A,A)(Sf ) has the struture of a monoid (as in Proposition
2.5). Transporting this monoid struture along the above hain of bijetions, one gets the
struture of a monoid on
SubB(A,A ),B(A,f)(B(A, f
∗)(f))
and it is straightforward to hek that this struture is just the one desribed in the
proposition.
It follows from the proof of Proposition 2.12 that for any adjuntion f ⊣ f ∗ : B → A
in a 2-ategory K,
SubK(A,A ),K(A,f)(K(A, f
∗)(f)) = Il
K(A,A )(Sf).
Consider now the omposite
ΓKf = γ
′ΨK(A,f), f : I
l
K(A,A )(Sf) = SubK(A,A),K(A,f)(K(A, f
∗)(f))→ EndB(Cf ,Cf).
This map takes [(h, ih)] to the omposite
ff ∗
(ξih )
−1f∗
// fhf ∗
fηfhf
∗
// ff ∗fhf ∗
ff∗ξihf
∗
// ff ∗ff ∗
ff∗εf // ff ∗ .
But sine ξih = εff · f
∗ih, it follows from the naturality of ηf− that the diagram
h
ηfh //
ih

f ∗fh
f∗ξih
""E
EE
EE
EE
EE
EE
EE
EE
EE
E
f∗fih

f ∗f
ηff
∗f
// f ∗ff ∗f
f∗εff
// f ∗f
ommutes. Thus
f ∗ξih · ηfh = f
∗εff · ηff
∗f · ih = ih
and hene
ΓKf ([(h, ih)]) = ff
∗εf · fihf
∗ · (ξih)
−1f ∗.
By abuse of notation, we will write Γf when K lear from the ontext.
We are now in position to state our main theorem in the framework of 2ategories. It
will be extended later to biategories.
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Theorem 2.13. When the funtor
K(A, f) : K(A,A)→ K(A,B)
is omonadi, the map
ΓKf : I
l
K(A,A )(Sf)→ EndB(Cf ,Cf)
is an isomorphism of monoids.
Proof. When the funtor
K(A, f) : K(A,A)→ K(A,B)
is omonadi, it follows from Propositions 1.9 and 2.11 that the map Γf is bijetive. So it
only remains to show that Γf is a morphism of monoids. We shall prove that the inverse
Γ′f to Γf is a monoid isomorphism.
Note rst that sine the funtor K(A, f) is assumed to be omonadi, the diagram
1A
ηA
f // K(A, f ∗f)
ηfK(A,f
∗f)
//
K(A,f∗f)ηf
// K(A, f ∗ff ∗f),
and hene also its 1A-omponent
1
ηf // f ∗f
ηff
∗f
//
f∗fηf
// f ∗ff ∗f
is an equalizer (see, for example, [2℄). Thus Γ′f (1Cf ) = [eq(ηff
∗f, f ∗fηf)] = [(1, ηf)],
proving that Γ′f preserves the identity element.
Next, aording to (2.5), the following diagram is ommutative:
ff ∗f
fηff
∗f

fηf f
∗f
//
II
II
II
II
II
II
II
II
II
II
II
II
II
I
II
II
I
I
ff ∗ff ∗f
ff∗εff

ff ∗ff ∗f
εfff
∗f
// ff ∗f,
(2.7)
Sine Γ′f = ΨK(A,f), f · γ, for any α ∈ EndB(Cf ,Cf),
Γ′f(α) = ΨK(A,f), f(γ(α)) = ΨK(A,f), f(f, αf · fηf) = [(fα, iα)],
where (fα, iα) is an equalizer of the pair
f ∗f
ηf f
∗f
66
f∗fηf // f ∗ff ∗f
f∗αf // f ∗ff ∗f (2.8)
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So, in partiular,
ηff
∗f · iα = f
∗αf · (f ∗fηf) · iα (2.9)
Suppose now that α1, α2 ∈ EndB(Cf ,Cf), and onsider the produt
Γ′f (α1) · Γ
′
f(α2) = [(fα1 , iα1)] · [(fα2 , iα2)] = [(fα1fα2 , ifα1fα2 )].
We have:
ηff
∗f · f ∗εff · iα1iα2 =
= ηff
∗f · f ∗εff · iα1f
∗f · h1iα2 = by funtoriality of omposition
= f ∗ff ∗εff · ηff
∗ff ∗f · iα1f
∗f · h1iα2 = by (2.9)
= f ∗ff ∗εff · f
∗α1ff
∗f · f ∗fηff
∗f · iα1f
∗f · h1iα2 = by funtoriality of omposition
= f ∗α1f · f
∗ff ∗εff · f
∗fηff
∗f · iα1f
∗f · h1iα2 = by (2.7)
= f ∗α1f · f
∗εfff
∗f · f ∗fηff
∗f · iα1f
∗f · h1iα2 =
= f ∗α1f · f
∗εfff
∗f · f ∗fηff
∗f · f ∗fiα2 · iα1h2 = by (2.9)
= f ∗α1f ·f
∗εfff
∗f ·f ∗ff ∗α2f ·f
∗fff ∗ηf ·f
∗fiα2 ·iα1h2 = by funtoriality of omposition
= f ∗α1f · f
∗α2f · f
∗εfff
∗f · f ∗fff ∗ηf · f
∗fiα2 · iα1h2 =
= f ∗(α1α2)f · f
∗εfff
∗f · f ∗fff ∗ηf · f
∗fiα2 · iα1h2 =
= f ∗(α1α2)f · f
∗εfff
∗f · f ∗fff ∗ηf · iα1iα2 = by funtoriality of omposition
= f ∗(α1α2)f · f
∗fηf · f
∗εff · iα1iα2 .
Sine ifα1fα2 = f
∗εff · iα1iα2 , it follows that
f ∗(α1α2)f · f
∗fηf · ifα1fα2 = ηff
∗f · ifα1fα2
and sine (fα1α2 , iα1α2) is an equalizer of the diagram (2.8), there exists a unique morphism
kα1,α2 : fα1fα2 → fα1α2 making the diagram
fα1fα2
kα1,α2

ifα1fα2
''PP
PP
PP
PP
PP
PP
P
f ∗f
fα1α2
iα1α2
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ommute. It now follows -sine any omonadi funtor is onservative- from Lemma 1.1
that [ifα1fα2 ] = [iα1α2 ] in SubK(A,A),K(A,f)(f
∗f). Therefore
Γ′f(α1α2) = Γ
′
f (α1) · Γ
′
f(α2).
It learly implies that Γf is an isomorphism of monoids. This ompletes the proof.
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Next, we give the dual statement to Theorem 2.13.
Theorem 2.14. Let ηf , εf : f ⊣ f
∗ : B → A be an adjuntion in a 2-ategory K suh that
the funtor
K(f ∗,A) : K(A,A)→ K(B,A)
is omonadi. Then the assignment
[(h, ih)] −→ (ff
∗
f(ξih )
−1
// fhf ∗
fihf
∗
// ff ∗ff ∗
ff∗εf // ff ∗)
yields an isomorphism of monoids
ΓKf∗ = Γf∗ : I
r
K(A,A)(Sf )→ (EndB(Cf ,Cf))
op.
Proof. Sine f ∗ is right adjoint to f in K, f is right adjoint to f ∗ in Kt. Thus the
adjuntion K(f ∗,A) ⊣ K(f,A) : K(B,A) → K(A,A) in K an be seen as the adjuntion
K
t(A, f ∗) ⊣ Kt(A, f) : Kt(A,B) → Kt(A,A) in Kt. And sine the funtor K(f ∗,A) is
omonadi by assumption, the funtor K
t(A, f ∗) is also omonadi, and thus we an apply
Theorem 2.13 to the adjuntion K
t(A, f ∗) ⊣ Kt(A, f) to onlude that the map
ΓK
t
f∗ : I
l
Kt(A,A)(S
K
t
f∗ )→ EndB(C
K
t
f∗ ,C
K
t
f∗)
is an isomorphism of monoids. Now, using the fat that K
t(A,A) an be identied with
the monoidal ategory (K(A,A))t, it is not hard to show that
I
l
Kt(A,A)(S
Kt
f∗ ) = I
r
K(A,A)(S
K
f ), EndB(C
Kt
f∗ ,C
Kt
f∗) = (EndB(Cf ,Cf))
op,
and that ΓK
t
f∗ is just the map Γ
K
f∗ . Consequently, Γ
K
f∗ is an isomorphism of monoids.
Our next aim is to lift Theorem 2.13 from 2ategories to biategories. We will proeed
step by step.
Proposition 2.15. Let B be a biategory, K be a 2-ategory, and φ = (φ, φ, φ0) : B → K
be a homomorphism of biategories. Then for any adjuntion ηf , εf : f ⊣ f
∗ : B → A in K,
the (iso)morphism φf∗,f : φ(f
∗)φ(f)→ φ(f ∗⊗f) yields an isomorphism of K(φ(A), φ(A))-
monoids
κφf : S
K
φ(f) → φ(S
B
f ).
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Proof. Considering the diagram
φ(f ∗)φ(f)φ(f ∗)φ(f)
φφ(f∗)φ(f)//
φ(f∗)φφ(f)

φ(f ∗⊗f)φ(f ∗)φ(f)
φφ(f)

φ(f∗⊗f)φ // φ(f ∗⊗f)φ(f ∗⊗f)
φ

φ((f ∗⊗f)⊗f ∗)φ(f)
(2)
φ(αf∗,f,f∗)φ(f)

φ
((QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
φ((f ∗⊗f)⊗(f ∗⊗f))
φ(f ∗)φ(f⊗f ∗)φ(f)
(1)
φφ(f) //
φ(f∗)φ(εf )φ(f)

φ(f ∗⊗(f⊗f ∗))φ(f)
(3)
φ(f∗⊗εf )φ(f)

φ
((QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
φ(((f ∗⊗f)⊗f ∗)⊗f)
φ(αf∗,f,f⊗f)

φ(αf∗⊗f,f∗,f )
OO
φ(f ∗)φ(1A)φ(f)
(4)
φ(f∗)(φ0)
−1
A φ(f)

φφ(f)
// φ(f ∗⊗1A)φ(f)
(5)
φ(rf∗)φ(f)

φ
((QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
φ((f ∗⊗(f⊗f ∗))⊗f)
φ((f∗⊗εf )⊗f)

φ(f ∗)1φ(A)φ(f)
(6)
φ(f ∗)φ(f)
φ
((QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
(7)
φ((f ∗⊗1A)⊗f)
φ(rf∗⊗f)

φ(f ∗⊗f)
in whih
• Diagrams (1), (2) and (6) ommute beause φ is a homomorphism of biategories;
• Diagrams (3), (4), (5) and (7) ommute by naturality of φ,
we see that
mφ(SB
f
) · (φf∗,fφf∗,f) =
= (φ((φ0)A)⊗f)·(φ((f
∗⊗εf)⊗f))·(φ(αf∗,f,f⊗f))·(φ(α
−1
f∗⊗f,f∗,f))·(φf∗⊗f,f∗,f)·(φf∗,fφf∗,f) =
= φf∗,f · (φ(f
∗)(φ0)
−1
A φ(f)) · (φ(f
∗)φ(εf)φ(f)) · (φ(f
∗)φf,f∗φ(f)) = φf∗,f ·mSK
φ(f)
.
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Moreover, sine eφ(SB
f
) = φ(ηf ) · (φ0)A : 1φ(A) → φ(f
∗⊗f), the diagram
1φ(A)
(φ0)A
 eφ(SB
f
)
((QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
QQ
Q
φ(1A)
φ(ηf )

φ(f ∗⊗f)
(φf∗,f )
−1
// φ(f ∗)φ(f)
φf∗,f
// φ(f ∗⊗f)
learly ommutes, showing that φf∗,f preserves the unit. Thus φf∗,f : φ(f
∗)φ(f) →
φ(f ∗⊗f) is an isomorphism of monoids in K(φ(A), φ(A)).
Dually, one has:
Proposition 2.16. Let B be a biategory, K be a 2-ategory, and φ = (φ, φ, φ0) : B → K
be a homomorphism of biategories. Then for any adjuntion ηf , εf : f ⊣ f
∗ : B → A in K,
the (iso)morphism φf∗,f : φ(f
∗)φ(f)→ φ(f ∗⊗f) yields an isomorphism of K(φ(A), φ(A))-
omonoids
κφf : C
K
φ(f) → φ(C
B
f ).
We are now ready to prove our main result, namely, the following biategorial version
of Masuoka's Theorem.
Theorem 2.17. Let ηf , εf : f ⊣ f
∗ : B → A be an adjuntion in a biategory B suh that
the funtor B(A, f) : B(A,A)→ B(A,B) is omonadi. Then the rule
[(h, ih)] −→ θh,
where θh is the omposite
(f⊗rf∗) · (f⊗(f
∗⊗εf)) · (f⊗αf∗,f,f∗) · (αf,f∗⊗f,f∗) · ((f⊗ih)⊗f
∗) · ((ξih)
−1⊗f ∗),
denes an isomorphism of monoids:
ΓBf = Γf : I
l
B(A,A)(S
B
f )→ EndB(C
B
f ,C
B
f ).
Proof. Aording to [15℄, there exist a 2-ategory K, homomorphisms
φ = (φ, φ, φ0) : B→ K, φ
′ = (φ′, φ′, φ′0) : K→ B
of biategories and invertible ions φφ′ ≃ 1 and φ′φ ≃ 1. And onsidering the monoidal
funtor
φA,A : B(A,A)→ K(φ(A), φ(A)),
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one observes that the omposite
I
l
B(A,A)(S
B
f )
(φA,A)SB
f // Il
K(φ(A),φ(A))(φA,A(S
B
f ))
Il
K(φ(A),φ(A))
((κφ
f
)−1)
// Il
K(φ(A),φ(A))(S
K
φ(f))
ΓK
φ(f) //
Endφ(B)(C
K
φ(f),C
K
φ(f))
t
κ
φ
f
K //
Endφ(B)(φ(C
B
f ), φ(C
B
f ))
(sφ
C
Bf
)−1
//
EndB(C
B
f ,C
B
f )
is just the map ΓBf . Now, sine φA,A is a strong monoidal funtor, it follows that
• (φA,A)SB
f
is an isomorphism of monoids by Proposition 2.8;
• Il
K(φ(A),φ(A))(((κ
φ
f )
−1)) is an isomorphism of monoids by Proposition 2.15;
• t
κ
φ
f
K
is an isomorphism of monoids by Proposition 2.2(1);
• sφ
C
Bf
is an isomorphism of monoids by Proposition 2.2 (2).
Moreover, onsidering the following diagram
B(A,A)
φA,A

B(A, f) //
B(B,A)
B(A, f∗)
oo
φB,A

K(φ(A), φ(A))
K(φ(A), φ(f)) //
B(φ(A), t(B))
K(φ(A), φ(f∗))
oo
whih is ommutative (up to isomorphism), sine φ is a homomorphism of biategories,
and using the fat that φA,A and φA,B are both equivalenes of ategories, one sees that
the funtor K(φ(A), φ(f)) : K(φ(A), φ(A)) → K(φ(A), φ(B)) is omonadi, and applying
Theorem 2.13 gives that ΓKφ(f) is an isomorphism of monoids. Consequently, the map Γ
B
f is
an isomorphism of monoids.
Dually, one has:
Theorem 2.18. Let ηf , εf : f ⊣ f
∗ : B → A be an adjuntion in a biategory B suh that
the funtor B(f ∗, A) : B(A,A)→ B(B,A) is omonadi. Then there is an isomorphism of
monoids:
ΓBf∗ = Γf : I
r
B(A,A)(S
B
f )→ (EndA(C
B
f ,C
B
f ))
op.
3 Suient onditions for the omonadiity: atness,
purity and separability
We ontinue to suppose that B is a biategory. In this setion, we nd suient onditions
on the 1ell f that imply the omonadiity of the funtor B(C, f), and thus the existene
of the isomorphism of monoids Γf . We start with a denition inspired by the (bi)module
ase.
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Denition 3.1. Let C be an arbitrary 0-ell of B.
(i) A 1-ell f : A → B is right (resp. left) C-at if the funtor
B(C, f) = f⊗− : B(C,A)→ B(C,B)
(resp.
B(f, C) = −⊗f : B(B, C)→ B(A, C))
preserves equalizers.
(ii) A 2-ell τ : f → g : A → B is right ( resp. left) C-pure if for any 1-ell h : C → A
(resp. h : B → C) the morphism τ⊗1h : f⊗h→ g⊗h (resp. 1h⊗τ : h⊗f → h⊗g ) is
a regular monomorphism in the ategory B(C,B) (resp. B(A, C)).
A onsequene of [8, Theorem 3.10℄ is that if M is an ABbimodule over rings A,B
suh that MB is nitely generated and projetive and AM is faithfully at, then −⊗AM :
ModA → ModB is omonadi. This statement ould be alternatively dedued from Bek's
omonadiity theorem. The following proposition makes it lear in the framework of our
general biategory B.
Proposition 3.2. Let ηf , εf : f ⊣ f
∗ : B → A be an adjuntion in B. Suppose that for
a 0-ell C, f (resp. f ∗) is right C-at (resp. f ∗ is left C-at) and ηf is right (resp. left)
C-pure. Then the funtor
B(C, f) = f⊗− : B(C,A)→ B(C,B)
(resp.
B(f ∗, C) = −⊗f ∗ : B(A, C)→ B(B, C))
is omonadi.
Proof. By duality, it sues to prove the rst statement. The funtor
B(C, f ∗) = f ∗⊗− : B(C,B)→ B(C,A)
is right adjoint to the funtor
B(C, f) = f⊗− : B(C,A)→ B(C,B)
and for any 1-ell h : C → A, the h-omponent of the unit ηfC of this adjuntion is given
by the omposite
αf∗, f, f∗ · (ηf⊗h) · (lh)
−1 : h→ f ∗⊗f⊗h.
Sine ηf is right C-pure by hypothesis, ηf⊗h (and hene also the omposite αf∗, f, f∗ ·(ηf⊗h)·
(lh)
−1
) is a regular monomorphism. Hene the unit of the adjuntion B(C, f) ⊣ B(C, f ∗) is
a regular monomorphism, implying that the funtor B(C, f) reets isomorphisms (see, for
example, [1℄). Moreover, sine f is right C-pure, the funtor B(C, f) preserves equalizers,
and hene the funtor B(C, f) is omonadi by a simple and well-known appliation of (the
dual of) Bek's theorem (see, [16℄).
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We say that a 1-ell f : A → B is right (resp. left) at if for any 0-ell C, f is right
(resp. left) C−at. Similarly, we say that a 2-ell τ : f → f ′ : A → B is right (resp. left)
pure if for any 0-ell C, f is right (resp. left) C−pure.
The following is an immediate onsequene of Proposition 3.2.
Proposition 3.3. Let ηf , εf : f ⊣ f
∗ : B → A be an adjuntion in B and suppose that f
is right (resp. f ∗ is left) at and that ηf is right (resp. left) pure. Then, for any 0-ell C,
the funtor
B(C, f) : B(C,A)→ B(C,B)
(resp.
B(f ∗, C) : B(A, C)→ B(B, C))
is omonadi.
In the light of Proposition 3.3, we get from Theorems 2.13 and 2.14 the following
generalization of Masuoka's theorem.
Theorem 3.4. Let ηf , εf : f ⊣ f
∗ : B → A be an adjuntion in B.
(i) If f is right A-at and ηf is right A-pure, then the map
Γf : I
l
B(A,A)(Sf )→ EndB(Cf ,Cf)
is an isomorphism of monoids.
(ii) If f is left A-at and ηf is left A-pure, then the map
Γf∗ : (I
r
B(A,A)(Sf))
op → EndB(Cf ,Cf)
is an isomorphism of monoids.
We shall need the following
Proposition 3.5. Let V = (V,⊗, I, α, l, r) be a monoidal ategory and onsider a monoid
S = (S, eS, mS) over V. If the morphism eS : I → S is right pure, then for any [(J, iJ)] ∈
I
l
V(S), the morphism iJ : J → S is also right pure.
Proof. Sine the morphism eS is right pure, eS ⊗X : I⊗X → S⊗X , and hene also
(eS ⊗X) · (lX)
−1 : X → S⊗X,
is a monomorphim for any objet X . Then in partiular, the morphism
(eS⊗J⊗X) · (lJ⊗X)
−1 : J⊗X → S⊗J⊗X
is a monomorphism, and sine [(J, iJ )] ∈ I
l
V(S) and thus ξiJ is an isomorphism, the om-
posite
J⊗X
(lJ⊗X)
−1
// I⊗J⊗X
eS⊗J⊗X // S⊗J⊗X
ξiJ⊗X // S⊗X
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is also a monomorphism. We laim that this omposite is just the morphism iJ⊗X . Indeed,
onsider the following diagram
J⊗X
(1)
(lJ )
−1⊗X //
iJ⊗X

I⊗J⊗X
(2)
eS⊗J⊗S //
I⊗iJ⊗X

S⊗J⊗X
S⊗iJ⊗X

S⊗X
(lS)
−1⊗X
// I⊗S⊗X
lS⊗X
$$J
JJ
JJ
JJ
JJ
JJ
JJ
JJ
JJ
JJ
J eS⊗S⊗X
// S⊗S⊗X
mS⊗X

S⊗X .
In this diagram
• Diagram (1) ommutes by naturality of l;
• Diagram (2) ommutes by bifuntoriality of −⊗−, and
• the triangle ommutes sine eS : I → S is a unit for the monoid S.
It follows −sine ξiJ = mS · (S⊗iJ )− that
(mS⊗X) · (S⊗iJ⊗X) · (eS⊗J⊗X) · (lJ⊗X)
−1 = sine (lJ⊗X)
−1 = (lJ)
−1⊗X)
= (mS⊗X) · (SS⊗iJ⊗X) · (eS⊗J⊗X) · ((lJ)
−1⊗X) = iJ⊗X.
Therefore iJ⊗X is a monomorphism for all X ∈ V, proving that iJ is right pure.
An Aring S = (S, eS, mS) is said to be split if eS is a split monomorphism in B(A,A).
We will prove that an Aring that omes from an adjuntion is split if and only if the
representatives are separable funtors in the sense of [20℄ (see [23℄ for a haraterization of
separable adjoint funtors). Given an adjuntion ηf , εf : f ⊣ f
∗ : B → A in a biategory
B, one says that f is a separable 1-ell (or that the 1-ell f is separable) if the 2-ell
ηf : 1A → f
∗⊗f is a split monomorphism in the ategory B(A,A).
Proposition 3.6. For an adjuntion ηf , εf : f ⊣ f
∗ : B → A in B, the following are
equivalent:
(i) f is separable.
(ii) the A-ring Sf is split;
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(iii) For eah 0-ell C, the unit ηCf of the adjuntion
B(C, f) ⊣ B(C, f ∗) : B(C,B)→ B(C,A)
is a split monomorphism (i.e., B(C, f) is separable) ;
(iv) For eah 0-ell C, the unit ηCf of the adjuntion
B(f ∗, C) ⊣ B(f, C) : B(B, C)→ B(A, C)
is a split monomorphism (i.e. B(f ∗, C) is separable).
Proof. Sine the unit of the A-ring Sf is just ηf , (i) and (ii) are equivalent. Next, sine
(ηCf )f = αf∗, f, f∗ · (ηf⊗f) · (lf)
−1
for all 1-ell f : C → A, that (i) and (iii) are equivalent
is easily seen, while putting C = A and f = 1A in (η
C
f )f gives the impliation (iii) ⇒ (i).
Similarly, one an prove that (i) is equivalent to (iv).
Proposition 3.7. If ηf , εf : f ⊣ f
∗ : B → A in an adjuntion B suh that f is a separable
1-ell and if idempotents split in the ategory B(A,A), then the funtors
B(C, f) = f⊗− : B(C,A)→ B(C,B)
and
B(f ∗, C) = −⊗f ∗ : B(A, C)→ B(B, C)
are both omonadi.
Proof. Sine f is a separable 1-ell in B by hypothesis, it follows from Proposition 3.6 that
the units of the adjuntions
f⊗− ⊣ f ∗⊗− : B(C,B)→ B(C,A)
and
−⊗f ∗ ⊣ −⊗f : B(B, C)→ B(A, C)
are both split monomorphisms. And sine idempotents split in in the ategory B(A,A),
one may apply Proposition 3.16 of [18℄ to onlude that the funtors B(C, f) and B(f ∗, C)
are both omonadi.
Combining Proposition 3.7 and Theorems 2.17 and 2.18, we get:
Theorem 3.8. Let ηf , εf : f ⊣ f
∗ : B → A be an adjuntion in a biategory B with f a
separable 1-ell. If idempotents split in the ategory B(A,A), then eah of the maps
Γf : I
l
B(A,A)(Sf)→ EndB(Cf ,Cf)
and
Γf∗ : (I
r
B(A,A)(Sf ))
op → EndB(Cf ,Cf)
is an isomorphism of monoids.
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4 Appliations
We will now onsider biategories of generalized bimodules in the frameworks of funtor
additive ategories and of rm modules, and we will apply the theory so far developed to
these ases. In partiular, the generalizations of Masuoka's theorem given in [7℄ and [19℄
will be dedued.
Let K be a ommutative ring with unit, and ModK the ategory of unital K-modules.
A K-ategory is a ategory A equipped with a K-module struture on eah hom set in
suh a way that omposition indues K-module homomorphisms
A(a, b)⊗K A(b, c)→ A(a, c).
Equivalently, a K-ategory is a ategory whih is enrihed over the symmetri monoidal
losed ategory ModK . A one-objet K-ategory is just an assoiative K-algebra. A Z-
ategory is a preadditive ategory.
If A and B are K-ategories, a funtor F : A → B is alled a K-funtor if for all
a, a′ ∈ A, the map
Fa,a′ : A(a, a
′)→ B(F (a), F (a′))
is a morphism of K-modules. A Z-funtor is an additive funtor. And when A is small,
we write [A,B] for the ategory of K-funtors from A to B, where [A,B](F, F ′) is the
K-module of K-natural transformations from F to F ′.
Given F : A → ModK , a, a
′ ∈ A, f ∈ A(a, a′) and x ∈ A(a), write xf for F (f)(x).
Dually, if G : Aop → ModK and y ∈ A(a
′), write fy for F (f)(y).
If A and A′ are K-ategories, we let A ⊗K A
′
denote the K-ategory whose lass of
objets is Ob(A) × Ob(A′), where the K-module of morphisms from (a, a′) to (b, b′) is
A(a, b)⊗K A(a
′, b′).
Let A be a small K-ategory. It is well known (see [13℄) that there is a funtor
−⊗− : [A,ModK ]× [A
op,ModK ]→ ModK
(F,G)→ F ⊗G,
alled the tensor produt whih is dened by the isomorphism
ModK(F ⊗G, a) ≃ [A
op,ModK ](G,ModK(F, a))
natural in F ∈ [A,ModK ], G ∈ [A
op,ModK ], and a ∈ ModK . Here ModK(H, a) denotes
the K-funtor Aop → ModK whose value at a
′
is ModK(H(a
′), b). Reall that the tensor
produt F ⊗G is dened by
F ⊗G =
⊕
a∈A
F (a)⊗K G(a)/Q ,
where Q is the K-submodule of
⊕
a∈A F (a)⊗K G(a) generated by all elements of the form
(af ⊗K a
′ − a⊗K fa
′).
39
Note that, if F ∈ [Aop,ModK ] and G ∈ [A,ModK ], then F ⊗G ≃ G⊗ F .
If A and B are small K-ategories, an A-B-bimodule φ (whih we shall denote by
φ : A  B) is a K-funtor φ : Bop ⊗ A → ModK . Morphisms between bimodules are just
K-natural transformations. We shall write Bim(A,B) for the ategory of A - B-bimodules.
If K is the unit K-ategory (that is, if K is the K-ategory with one objet ∗ and with
K(∗, ∗) = K), a bimodule K A is essentially a K-funtor Aop → ModK , and Bim(K,A)
is (isomorphi to) the ategory [Aop,ModK ]. Similarly, a bimodule A K is a K-funtor
A → ModK and Bim(A,K) is (isomorphi to) the ategory [A,ModK ]. And a bimodule
K K an be identied with a K-module and Bim(K,K) with the ategory ModK .
Given small K-ategories A, B and C, one has a funtor
−⊗− : Bim(B, C)×Bim(A,B)→ Bim(A, C)
dened as follows: Let φ : A  B be an A-B-bimodule and let ϕ : B  C be a B-C-
bimodule. For any given objet a ∈ A, the K-funtor φ(−, a) : Bop → ModK an be seen as
a K-B-bimodule φ(−, a) : K B, while for any c ∈ C, the K-funtor ϕ(c,−) : B → ModK
an be seen as a B-K-bimodule ϕ(c,−) : B  K. Then the A-C-bimodule ϕ ⊗ φ is the
K-funtor dened by
(ϕ⊗ φ)(c, a) = ϕ(c,−)⊗ φ(−, a), c ∈ C, a ∈ A.
This tensor produt of bimodules is assoiative up to anonial isomorphisms and admits
as units the B-B-bimodules 1B : B  B given by 1B(b, b
′) = B(b, b′); so that 1B⊗φ ≃ φ and
ϕ⊗1B ≃ ϕ. Consequently, we have a biategory Bim whose 0-ells are small K-ategories,
whose 1-ells are bimodules, and whose 2-ells are K-funtors between bimodules. The
horizontal produt in Bim is the tensor produt of bimodules.
We shall need the following
Lemma 4.1. (i) A 2-ell τ : f → f ′ in Bim is right pure i it is right K-pure.
(ii) A 1-ell f in Bim is right at i it is right K-at.
Proof. (i). One diretion is lear, so suppose that τ is right K-pure, and onsider an
arbitrary 1-ell f : C → A. For any pair (b, c) ∈ B × C, the (b, c)-omponent (τ ⊗ f)(b,c)
of the 2-ell τ ⊗ f : f ⊗ f → f ′ ⊗ f is τb,− ⊗ f(−, c), and identifying f(−, c) with a
bimodule K → A, τb,− ⊗ f(−, c) an be seen as the b-omponent (τ ⊗ f(−, c))b of the
2-ell τ ⊗ f(−, c) : f ⊗ f(−, c) → f ′ ⊗ f(−, c). But sine f is right K-pure, τ ⊗ f(−, c)
is a monomorphism for all c ∈ C. Now, sine any natural transformation between K-
funtors is a monomorphism in the orresponding funtor ategory i it is a omponentwise
monomorphism, it follows that (τ⊗f(−, c))b, and hene τb,−⊗f(−, c), is a monomorphism
for all b ∈ B and c ∈ C. Thus τ ⊗ f is a monomorphism, proving that f is right pure.
In a similar way one an show that a 1-ell f in Bim is right at i it is right K-at.
There is of ourse a dual result:
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Lemma 4.2. (i) A 1-ell f in Bim is left at i it is left K-at.
(ii) A 2-ell τ : f → f ′ in Bim is left pure i it is left K-pure.
Sine the ategory ModK , and hene any funtor ategory [A,ModK ], is equipped with
a representative hoie of (regular) monomorphisms, we usually write I rather than [(I, iI)]
for any subobjet of an arbitrary funtor A → ModK .
Let now A be a smallK-ategory and S = (S, eS, mS) be anA-ring. An Asubbimodule
of S is a subobjet I of S(−,−) : Aop → ModK in the ategory [A
op⊗A,ModK ]. It an be
regarded as the union of all the sets I(a, a′) of morphisms of A suh that, if f, g : a → a′
are in I(a, a′) and if x : b→ a and y : a′ → b′ are arbitrary morphisms in A, then y(f+g)x
is in I(b, b′). Quite obviously, S is an Asubbimodule of S. Moreover, it is easy to see that
if I, J are Asubbimodules of S, then their produt IJ dened by
IJ(a, a′) = {
∑
k∈K
fkgk, fk ∈ I(ak, a
′), gk ∈ J(a, ak), K is a nite set and a, ak ∈ A}
is also an Asubbimodule of S. With respet to this produt, the Asubbimodules of S
form a monoid and S is a two sided unit for this produt. We write IA(S) for this monoid.
Remark 4.3. One an hek easily that IJ is just the image of the omposite
I ⊗ J
iI⊗iJ // S ⊗ S
mS // S ,
where iI : I → S and iJ : J → S are the anonial embeddings.
Let I
l
A(S) (resp. I
r
A(S)) denote the submonoid of IA(S) onsisting of thoseAsubbimodules
I for whih the multipliation
S⊗I → S, s⊗i→ si
(resp. I⊗S → s, i⊗s→ is)
is an isomorphism.
Proposition 4.4. Let ηf , εf : f ⊣ f
∗ : B → A be an adjuntion in Bim. If the funtor f⊗
− : [Aop,ModK ]→ [B
op,ModK ] is preomonadi, then for all (I, iI), (J, iJ) ∈ I
l
Bim(A,A)(Sf),
the anonial morphism I ⊗ J → IJ is an isomorphism.
Proof. Consider the omposite
I ⊗ J
iI⊗J // Sf ⊗ J
Sf⊗iJ // Sf ⊗ Sf
mf // Sf .
Sine the funtor
f ⊗− : [Aop,ModK ]→ [B
op,ModK ]
(whih an be seen as the funtor
Bim(A, f) = f⊗− : Bim(K,A)→ Bim(K,B))
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is assumed to be preomonadi, it follows that ηf : 1 → Sf is right K-pure, and hene
right pure by Lemma 4.1. Thus, the unit ηf : 1 → Sf of the Bim(A, A)-monoid Sf is
right pure in the monoidal ategory Bim(A, A). It then follows from Proposition 3.5 that
iI ⊗ J is a monomorphism. Moreover, sine (J, iJ ) ∈ I
l
Bim(A,A)(Sf ), ξ
l
J = mf · (Sf ⊗ iJ) is
an isomorphism. Consequently, the omposite mf · (iI ⊗ iJ) is a monomorphism, and thus
its image -whih is just IJ by Remark 4.3 - is isomorphi to I ⊗ J .
Corollary 4.5. In the situation of Proposition 4.4, the assignment
I −→ (I, iI)
yields an isomorphism
I
l
A(Sf ) ≃ I
l
Bim(A,A)(Sf)
of monoids.
Dually, one has
Corollary 4.6. In the situation of Proposition 4.4, the assignment
I −→ (I, iI)
yields an isomorphism
I
r
A(Sf ) ≃ I
r
Bim(A,A)(Sf)
of monoids.
Considering the omposites
I
l
A(Sf ) ≃ I
l
Bim(A,A)(Sf)
Γf //
EndB(Cf ,Cf)
and
(I rA(Sf))
op ≃ (I r
Bim(A,A)(Sf))
op
Γf∗ //
EndB(Cf ,Cf)
− whih we still all Γf and Γf∗ , respetively− and ombining Theorems 2.17, 2.18 and
3.8 and Corollaries 4.5 and 4.6, we get
Theorem 4.7. Let If ηf , εf : f ⊣ f
∗ : B → A be an adjuntion in Bim.
(i) If the funtor f ⊗− : [Aop,ModK ]→ [B
op,ModK ] is omonadi, the map
Γf : I
l
A(Sf )→ EndB(Cf ,Cf)
is an isomorphism of monoids.
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(ii) If the funtor −⊗ f ∗ : [A,ModK ]→ [B,ModK ] is omonadi, the map
Γf∗ : (I
r
A(Sf))
op → EndB(Cf ,Cf)
is an isomorphism of monoids.
Now, ombining Theorem 4.7 with Theorems 3.4 and 3.8 and Lemmas 4.1 and 4.2 we
get:
Theorem 4.8. Let ηf , εf : f ⊣ f
∗ : B → A be an adjuntion in Bim.
(i) If f is right at and ηf is right pure, then the map
Γf : I
l
A(Sf )→ EndB(Cf ,Cf)
is an isomorphism of monoids.
(ii) If f is left at and ηf is left pure, then the map
Γf∗ : (I
r
A(Sf))
op → EndB(Cf ,Cf)
is an isomorphism of monoids.
(iii) If f is a separable bimodule, then eah of the maps Γf and Γf∗ , is an isomorphism
of monoids.
Reall that a K-ategory A with only one objet amounts to a K-algebra A (with unit)
and that the ategoryBim(K, A) is (isomorphi to) the ategory of right A-modules ModA,
while the ategory Bim(A, K) is (isomorphi to) the ategory of left A-modules AMod.
Reall also that if A and B are two suh K-ategories with orresponding K-algebras A
and B, respetively, then to give an A-B-bimoduleM : A B is to give a A-B-bimodule
M and that the diagrams
Bim(K, A)
M⊗− // Bim(K, B)
ModA −⊗AM
//
ModB
and
Bim(B, K)
−⊗M // Bim(A, K)
BMod M⊗B−
//
AMod ,
where the vertial morphisms are the isomorphisms, are both ommutative. Reall nally
that, aording e.g. to [5℄, M has a right adjoint M∗ in Bim i MB is nitely generated
43
and projetive. When this is the ase, the B-A-bimoduleM∗ : B → A orresponds to the
B-A-bimodule M∗ = ModB(M,B). Moreover, the diagram
Bim(K, B)
M∗⊗−// Bim(K, A)
ModB −⊗BM
∗
//
ModA
ommutes. It follows that the A-ring SM = M
∗ ⊗M orresponds to the A-ring SM =
M⊗BM
∗ ≃ ModB(M,M), while the B-oring CM =M⊗M
∗
orresponds to the so alled
omatrix oring M∗ ⊗A M orresponding to the A-B-bimodule M (see [8℄). This means
that if {(ei, e
∗
i )1≤i≤n} ⊂M ×M
∗
is a xed dual basis for MB, then M
∗⊗AM is a B-oring
with the following omultipliation ∆ and and ounit ε
∆(m⊗A m
∗) =
∑
i
m∗ ⊗A ei ⊗B e
∗
i ⊗A mi, ε(m⊗A m
∗) = m∗(m).
Sine the horizontal omposition in Bim is the opposite of the usual tensor produt of
bimodules, we get that I
l
A(SM) = I
r
A(SM)
op
, and I
r
A(SM) = I
l
A(SM)
op
, where I
l
A(SM) and
I
r
A(SM) are the monoids assoiated to the ring homomorphism A→ SM aording to [17℄.
Applying now Theorem 4.7 gives
Theorem 4.9. ([19℄) Let A, B be K-algebras, M be an A-B-bimodule with MB nitely
generated projetive. Then:
(i) If the funtor −⊗AM : ModA → ModB is omonadi, then the map
ΓM : (I
r
A(SM))
op → EndB−or(CM)
that takes (I, iI) ∈ I
r
A(SM) to the omposite
M∗⊗AM
M∗⊗Aξ
−1
iI //M∗⊗AI⊗AM
M∗⊗AiI⊗AM //M∗⊗AM⊗BM
∗ ⊗AM
M∗⊗AM
∗⊗Bε //M∗⊗AM
is an isomorphism of monoids.
(ii) If the funtor M∗⊗A − : AMod→BMod is omonadi, then the map
ΓM∗ : I
l
A(SM)→ EndB−or(CM)
that takes (I, iI) ∈ I
r
A(SM) to the omposite
M∗⊗AM
ξ−1iI
⊗AM
//M∗⊗AI⊗AM
M∗⊗AiI⊗AM //M∗⊗AM⊗BM
∗ ⊗AM
M∗⊗AM
∗⊗Bε //M∗⊗AM
is an isomorphism of monoids.
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(iii) If AMB is a separable bimodule, then the maps ΓM and ΓM∗ are both isomorphisms
of monoids.
From Theorem 4.8 one obtains:
Theorem 4.10. [7, Theorem 2.5℄ Let A, B be K-algebras, M be an A-B-bimodule with
MB nitely generated projetive.
(i) If AM is faithfully at, then the map ΓM is an isomorphism of monoids.
(ii) If M∗A is faithfully at, then the map ΓM∗ is an isomorphism of monoids.
(iii) If AMB is a separable bimodule, then the maps ΓM and ΓM∗ are both isomorphisms
of monoids.
Let now A be a ring, whih is not assumed to have a unit and let MODA denote the
ategory of all (not neessarily unital) right A-modules. Following [22℄, a right A-module
M is said to be rm if the map
M ⊗A A→ M, m⊗A a→ ma
is an isomorphism. We write ModA for the full subategory of MODA whose objets are
all right rm A-modules. In the same way one denes the ategories AMOD and AMod.
An A-B-bimodule is rm if it is rm both as a left A-module and right B-module. A ring
A is rm if it is a left (equivalently right) rm A-module. It is well-known that when A
is a rm ring, the anonial embedding i : ModA → MODA has a right adjoint funtor
j : MODA → ModA that takes a (right) A-moduleM toM⊗AA. An objetM ∈ MODA is
said losed if the anonial homomorphismM → MODA(A,M) given by m −→ (r → mr)
is an isomorphism. For any M ∈ MODA, the right A-module ModA(A,M) is losed
and the assignment M → ModA(A,M) yields a funtor k : ModA → MODA whih is right
adjoint to the reetion funtor j and whih identies the ategory of right rm A-modules
with the ategory of losed right A-modules. Sine the full subategory of losed right A-
modules is a loalization of MODA, it follows that ModA, being equivalent to the ategory
of right losed A-modules, is also abelian. Note that kernels in ModA annot in general be
omputed in MODA.
We write Firm for the biategory whose objets are rm rings, whose 1-arrows are
rm bimodules and whose 2-arrows are homomorphism of rm bimodules (see [12℄). The
horizontal omposition is here the opposite of the usual tensor produt of bimodules.
Reall that a biategory B is bilosed if for any 1-ell f : A → B and any 0-ell C,
f ⊗− : B(C,A)→ B(C,B)
has a right adjoint
[f,−] : B(C,B)→ B(C,A)
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and
−⊗ f : B(B, C)→ B(A, C)
has a right adjoint
{f,−} : B(A, C)→ B(B, C).
Proposition 4.11. The biategory Firm is bilosed.
Proof. We have to show that for all rm rings A, B and C and an arbitrary rm A-B-
bimodule M , both funtors
−⊗AM : CModA = Firm(C,A)→ Firm(C,B) =CModB
and
M ⊗B − : BModC = Firm(B,C)→ Firm(A,C) =AModC
have a right adjoint.
Aording to Proposition 2.6 in [12℄, for arbitrary two rm ringsX and Y , the anonial
isomorphism of ategories tX, Y : XMODY → MODXop⊗Y restrits to an isomorphism
tX, Y : XModY → ModXop⊗Y . Thus the diagram
XModY
i

tX,Y //
ModXop⊗Y
i

XMODY tX, Y
//
MODXop⊗Y ,
where the vertial arrows are the anonial embeddings, ommutes. Sine the funtor
i : ModXop⊗Y → MODXop⊗Y
has a right adjoint
j : MODXop⊗Y → ModXop⊗Y
that takes M ∈ MODXop⊗Y to M ⊗Xop⊗Y (X
op ⊗ Y ), the funtor
i : XModY → XMODY
also has a right adjoint
j : XMODY → XModY
that takes M ∈XMODY to X⊗M ⊗Y.
Let now M ∈ Firm(A,B), and let C be an arbitrary rm ring. Sine the funtor
−⊗AM : CMODA →CMODB
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admits as a right adjoint the funtor
MODB(M,−) : CMODB →C MODA,
it follows from the ommutativity of the following diagram
CModA
−⊗AM //
i

CModB
i

CMODA −⊗AM
//
CMODB
that the funtor
−⊗AM : CModA →CModB
admits as a right adjoint the funtor
j ·MODB(M,−) · i = C⊗CModB(M,−)⊗AA.
Symmetrially, one shows that the funtor
B⊗BMod(M,−)⊗CC : AModC →BModC
is right adjoint to
M ⊗B − : BModC →AModC .
This ompletes the proof.
We shall need the following well-known haraterization of left adjoint 1-ells in a
bilosed biategory (see, for example, [14℄):
Theorem 4.12. For any 1-ell f : A  B in a bilosed biategory B, the following are
equivalent:
(i) f has a right adjoint f ∗;
(ii) the morphism [f, 1B]⊗ f → [f, f ] that orresponds under the adjuntion
η, ε : f ⊗− ⊣ [f,−] : B(B,B)→ B(B,A)
to the omposite f ⊗ [f, 1B]⊗ f
εf⊗f // 1B ⊗ f
≃ // f , is an isomorphism.
When these onditions hold, one has [f, g] ≃ f ∗⊗g for all 1-ells g : C  B. In partiular,
f ∗ ≃ [f, 1B].
From this general theorem, we dedue:
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Theorem 4.13. For any 1-ell M : A B in Firm, the following are equivalent:
(i) M † = B⊗BModB(M,B)⊗AA is right adjoint to M in Firm;
(ii) for any X ∈ Firm(C,B), the map
X⊗BModB(M,B)⊗AA→ ModB(M,X)⊗AA
(x⊗B f ⊗A a) −→ ((m→ xf(m))⊗A a)
is an isomorphism.
(iii) the funtor ModB(M,−)⊗AA : ModB → Ab preserves all small olimits
Proof. (i) and (ii) are equivalent by the previous theorem, while (ii) implies (iii) trivially.
Now, if the funtor ModB(M,−)⊗AA preserves all small olimits, then sine for any
X ∈ Firm(C,B), X ⊗B B ≃ X and sine X ⊗B B an be seen as a small olimt, we have:
ModB(M,X)⊗AA ≃ ModB(M,X ⊗B B)⊗AA ≃ X⊗BModB(M,B)⊗AA.
Thus (iii) implies (ii).
Remark 4.14. If AMB is suh that MB is nitely generated and projetive, then it is not
hard to see that M has a right adjoint in Firm.
Let A and B be rm rings and let M be a rm A-B-bimodule. If M admits a right
adjoint in Firm, then we know from Theorem 4.13 that its right adjoint M † is B⊗B
ModB(M,B)⊗AA. Then the orresponding A-ring is
SM = M⊗BM
† =M⊗B B⊗BModB(M,B)⊗AA ≃M⊗BModB(M,B)⊗AA,
while the orresponding B-oring is
CM =M
†⊗AM = B⊗BModB(M,B)⊗AA⊗AM ≃ B⊗BModB(M,B)⊗AM.
This oring was onsidered in [10℄, and it generalizes the (innite) omatrix orings
onsidered in [9℄, for A with enough idempotents, and B unital, and in [11℄, for A rm and
B unital.
Let M (resp. M†) denote for a while the rm ABbimodule M (resp. the rm
BAbimodule M †) when onsidered in the biategory Firm. Arguing as in the proof of
Proposition 4.4, one sees that if the funtor
M⊗− = −⊗A M : ModA → ModB
(resp. the funtor
−⊗M† = M †⊗A − ≃ B⊗BModB(M,B)⊗A − : AMod→BMod)
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is preomonadi, then the assignment I → (I, iI) yields an isomorphism of monoids
I
r
A(SM)
op ≃ Il
Firm(A,A)(SM)
(resp. IlA(SM)
op ≃ Ir
Firm(A,A)(SM)),
where I
r
A(SM) (resp. I
S
A(SM)) onsists of the rm Asubbimodules of SM suh that the
multipliation map I ⊗A SM → SM (resp. SM ⊗A I → Sm) is an isomorphism, whih turns
out to be a monoid with the produt given by the usual multipliation of subsets of SM .
Applying now Theorems 2.17 and 2.18, and Proposition 3.7, gives:
Theorem 4.15. Let A, B be rm rings, M be a rm A-B-bimodule that admits a right
adjoint in Firm. Then
(i) if the funtor −⊗AM : ModA → ModB is omonadi, then the map
ΓM : (I
r
A(SM))
op → EndB−or(CM)
is an isomorphism of monoids;
(ii) if the funtor B⊗BModB(M,B)⊗A − : AMod→BMod is omonadi, then the map
ΓM† : I
l
A(SM)→ EndB−or(CM)
is an isomorphism of monoids.
(iii) If AMB is a separable rm bimodule, then the maps ΓM and ΓM† are both isomor-
phisms of monoids.
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